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Pre-Leaving Certificate Examination, 2020

Mathematics

Higher Level — Paper 2
Marking Scheme (300 marks)

Structure of the Marking Scheme

Students’ responses are marked according to different scales, depending on the types of response anticipated.
Scales labelled A divide students’ responses into two categories (correct and incorrect).

Scales labelled B divide responses into three categories {(correct, partially correct, and incorrect), and so on.
These scales and the marks that they generate are summarised in the following table:

Scale label A B C D
Isﬁo. of categories 2 3 4 5
5-mark scale 0,2,5 0,2,4,5 0,2,3,4,5
[ 10-mark scale 0,4,7,10 0,4,6,8, 10
15-mark scale 0,4,8,12,15

A general descriptor of each point on each scale is given below. More specific directions in relation to interpreting
the scales in the context of each question are given in the scheme, where necessary.

Marking scales — level descriptors

A-scales (two categories)

. incorrect response (no credit)
. correct response (full credit)

B-scales (three categories)

. response of no substantial merit (no credit)
. partially correct response (partial credit)
. correct response (full credit)

C-scales (four categories)

B response of no substantial merit (no credit)

: response with some merit (low partial credit)
. almost correct response (high partial credit)
. correct response (full credit)

D-scales (five categories)

: response of no substantial merit (no credit)

. response with some merit (low partial credit)
: response about half-right (mid partial credit)
. almost correct response (high partial credit)
. correct response (full credit)

I certain cases, typically involving @ incorrect rounding, ® omission ol units, ® a misreading that doss not
nversimplify the work or @ an arithmetical error that does not oversimplify the work. a mark that iz ane mark
below the full-credit mark may also be awarded. Such cases are flagged with an asterisk.

Thus. foir example, scale 10C* indicates that 9 marks may be awarded.

- ‘The * for units to be applied only it the student’s answer is fully correct.
The * to be applicd once only within each section (a), (b, (e}, ¢fc. of all questions
e penaliy s aeoapplicd focthe omission of Units in currency sulitions,

Soothonwrse fpecined accem correct answer with or swoitheu! supporsne work show

Ceepl siudents work b ace part of s guestion for use i subscguent pani of e quesion, anfes b

cversiiphfc s the work imyeived
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Summary of Marks — 2020 L.C Maths (Higher Level, Paper 2)

Section A Section B
Q1 (a) . 10D (0, 4, 6, 8, 10) Q7 (a) () 5C*(0,2,4,5)
(b) 15D (0,4, 8, 12, 15) (ii) 5C*(0,2,4,5)
25 )y @ 10D (0,4, 6, 8, 10)

(i) 10D* (0,4, 6,8, 10)
© @ 5C*(0,2,4,5)

Q2 @ (@) 5C(0,24,5) (i) 5C*(0,2,4,5)
i) 5B(0,2,5) (i) 10D* (0,4, 6, 8, 10)
(b) 15D (0, 4, 8, 12, 15) 50
25
Q3 @ () 5C*0,24,5) Q8 (@ () 10D(0,4,6,8,10)
(i) 5C*(0,2,4,5) (i) 10D (0,4, 6,8, 10)
(i) 5C*(0,2,4,5) ® ) 10D (0,4,6,8,10)
(b) 10D (0, 4, 6, 8, 10) Gi) 5SD(0,2,3,4,5)
25 (© 15D (0,4, 8, 12, 15)
50
Q4 (@ () 10D(,4,6,8,10)
(i) 5C(0,2,4,5)
(b) 10D (0, 4, 6, 8, 10) Q9 (@ () 5C*(0,2,4,5)
25 (i) 10D* (0,4, 6, 8, 10)
i) 5C* (0,2, 4, 5)
® G 5C(0,24,5)
Q.5 (a) 5D(0,2,3,4,5) i) 5D(,2,3,4,5)
< ® @@ 5D(0,2,3,4,5) i) 5C(0,2,4, 5)
() 5C(0,2,4,5 (iv) 10D (0,4, 6, 8, 10)
(© 10C* (0, 4, 7, 10) (v) 5D(0,2,3,4,5)
25 50

Q6 (@ (@@ 5C*(0,2,4,5)
() 5D*(0,2,3,4,5)
() @ 5C0,2,4,5)
(i) 10D* (0,4, 6, 8, 10)

25

Current Marking Scheme

Assumptions about these marking schemes on the basis of past SEC marking schemes should be avoided. While the
underlying assessment principles remain the same, the exact details of the marking of a particular type of question may
vary from a similar question asked by the SEC in previous years in accordance with the contribution of that question

to the overall examination in the current year. In setting these marking schemes, we have strived to determine how

best to ensure the fair and accurate assessment of students’ work and to ensure consistency in the standard of assessment
from year to year. Therefore, aspects of the structure, detail and application of the marking schemes for these
examinations are subject to change from past SEC marking schemes and from one year to the next without notice.

Copyright

All rights reserved. This marking scheme and corresponding paper(s) are protected by frish (EU) copyright law.
Reproduction and distribution of these materials or any portion thereof without the written permission of the publisher
is prohibijted except for the immediate use within a classroom.
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Pre-Leaving Certificate Examination, 2020

Mathematics

Higher Level — Paper 2
Marking Scheme (300 marks)

General Instructions

There are two sections in this examination paper.

Section A Concepts and Skills 150 marks 6 questions
Section B Contexts and Applications 150 marks 3 questions

Answer all nine questions.
Marks may be lost if answers do not include relevant supporting work.
Marks may be lost if answers do not include the appropriate units of measurement, where relevant.

Marks may be lost if answers are not given in simplest form, where relevant.

o N - 3
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Section A

Concepts and Skills

2020 LC Maths [HL] - Paper2 |

150 marks ‘

Answer all six questions from this section.

Question 1

(25 marks)
The points 4(-2, -3), B(4, 9) and C(—4, 3) are shown in the diagram below.
y B
//
A /
c 1 /
\ ; x
—
\/
A
1(a) Find the equation of the line through the midpoint of 4B which is perpendicular to AB. (10D)

R

S¢ale 10D (0, 4, 6, 8, 10)

2020 1 L 17/20_MS 5096

Midpoint of [ 4] (A% ntys ]
(244 =349
- [ 2 ¥ 2z ]
= (L3
Slope of [4B] - 227N
X2 x
)
4 —(-2)
12
6
2
Lslope of [4B] = ;
Lguation of | bisector:
Point (1, 3), m l
Y=W ’;‘(x —xp)
3 ——{x-1
y S &=
2(v-3) —1x—1)
by — 6 XL ]
Cxt+2y 7

| Low pz;rt;al cr_edit: (i marks)

|
1
|

i
|
|
| High partial credit: (8 marks)

Mid partial credit: (6 marks)

Page 50 of 95

Any correct relevant step, e.g. writes down
formula for ® midpoint of a line segment
and/or @ formula for the slope of a line
with some correct substitution and stops
or continues incorrectly. .
Finds correct midpoint or slope of [ 4B]. r

Finds @ midpoint and slope of [ 48] or
@ slope and I slope of [ AB ] correctly,
but fails to progress.

Finds correct midpoint and 1 slope of

[ 48] with some cortrect substitution

into the formula for the equation of a line, |
but fails to finish or finishes incorrectly.

i Dem
\‘(. exams



Question 1 (cont’d.)

| 2020 LC Maths [HL] —Paper 2 |

I(b)  Use your answer to part (a) to find the co-ordinates of the circumcentre of the triangle 4BC. (15D)
Midpoint of [AC] [M M]
2 2
24+(4) 3+3
[_ 2 7 2
ES l\l.‘_ 3, (]) ; |
Slope of [ AC] = 2= N
Xy~ X
3-063
-4 - (2)
. 6
3
Lslope of [ AC] = %
)
liguation of | biseclor:
Point (=3, 0), m = %
Y=W = 1m(x -x)
= y-0 - 6O
= 3y x+3
= X-y = =37\
N Point nE intersection of two | bisector:
x+2y = 7 ... part (a)
x—3y = _—3
= Sy = 10
= y = 2
x+2y = 7 or x -3y -3
- x+2(Q2) 7 = x=32) = -3
= x 7-4 = x = 3+6
=>  circumcentre = [ 3.2) |

Scgle 15D (0, 4, 8, 12, 15)
"._

Low partial credit: (4 marks)

Mid partial credit: (8 marks)

Midpoint of | 8O} = (0, 63 slope of [ BCY - 1 :

Any correct relevant step, e.g. writes down
‘circumcentre = point of intersection of
perpendicular bisectors’ or similar

and stops or continues incorrectly.

Finds correct midpoint or slope of [ 48] or
[ BC] and stops or continues incorrectly.

Finds equation of a line of perpendicular
bisector of [ 4# | or [ BC], but fails to
progress. )

. i

Fsope ol [ BC = -

DEB
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Question 2

| 2020 LC Maths [HL] - Paper 2

(25 marks)

The circle s has centre C(7, ~8) and passes through the point P(2, -2).

2a) @

Seale 5C (0,2, 4, 5)

20201 L 17/20_MS 52/96

uuvsuy Ui

Find the equation of circle s. (50)

r, radius of S:
¥ \/(xz -2+ (= 0’
J1-2)+ (-8 - (-2
J5y+ 67
[35+36
= J61
General equation of a circle:
s: (x— k) + (y — k)* = #* with centre (h, k)
s (- TR (et 8) =(:/61)
(x -7+ +87=61 |
Qar

vy 14x+16+52=0

C(7,-8), centre of s:

General equation of a circle:

51 x% +y? + 2gx + 2fy + ¢ =0 with centre (—g, )

s XY 42T +2(8)y+c=0
+y*—l4x+16p+c=0

Circle s passes through the point P(2, —2)

P(2,-2)isoncircle s

2+ (2> - 14Q2) + 16(-2) + ¢

4+4-28-32+c¢

c—52

P =

st x*+y?—14x+16y+52=0

1l

Il
(& B == )

Low partial credit: (2 marks) Any correct relevant step, e.g. writes down
distance formula [method @] or general
equation of a circle [method @] with
some correct substitution and stops
or continues incorrectly.

Finds correct radius [method @] and stops
or continues incorrectly.

Finds correct equation of s in terms of ¢,

ie x*+y*—14x+ 16y +c=0 [method @]
and stops ot continues incorrectly.

| High partial credit: (4 marks) Finds correct radius and the equation of
| a circle [method ©], but with one sign

! error, e.g. (x + 7)> +(y—8)* =61 or '-
i (x—T)2+(y+8)2=6l.

E Finds the equation of a circle [method @],
but with one sign error,

eg x>+ + ldx + 16y + 52 =0

or x2+ p2—14x — L6y + 52 = 0.

Page 52 of 95 B



Question 2 (cont’d.)

2(a) (cont’d.)

2020 LC Maths [HL] — Paper 2

(i) QO is the point on the circle s that is closest to the x-axis.
Find, in surd form, the co-ordinates of Q.

Sealle 5B (6, 2, 5) /

C(7,-8), centre of s
= 9T
y is vertically above y co-ordinate of centre of circle

= y = y co-ordinate of centre
of circle, s — radius of circle, s

=] —8+\/6-1

(5B)
A y ”
~ 0" ’
/ \[67:'. s
‘
C(7,-8)
N

Partial credit: (2 marks)

Any correct relevant step, e.g. sketches
diagram with correct point indicated, i.e.
point of intersection of vertical line
through centre C, perpendicular to x-axis
and circle S.

Finds correct correct x co-ordinate

and stops or continues incorrectly.
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Question 2 (cont’d.)

2020 LC Maths [HL] - Paper 2

2(b) The point R is also on the circle 5. The length of the chord PR is 10 units.
The diagram shows R, and R,, the two possible positions of R.

Find the possible equations of PR.

0

WAkt \NMS =i

Uy

v
U

H
i

TR

|
i

Distance of line from centre C to PR

Using Pythagoras’ theorem:

|oCP
|CP|

| OP|

Equation of PR
Y=V

slope m, point (2, —2)

y=(2)
y+2
mx—y—Q2m+2)

| Ldistance |

|oCl =6, C(7,-8)

6

6(ym?+1)
6y (ym2+1Y
36(m*+ 1)
36m? + 36

t 1 — 60m
(I1m-60)m
1inm—60
[1m

m

Possible equations PR

(15D)

Y
|CPP—|OP P = — R
radius, # /f‘:--___"-__ R
\/GI N \/a
1 SN
EIPRI ; ,5;:.*6(7,’8)
Sl GG
5 S
(V612 (5)2
61 —-25
36
6

m(x—x;)

mix—2)
mx—2m
0

| @, + by, + cf

Jat+ b2

|m(7) + (=1)(-8) + (=2m ~ 2)|

Jm2+12

[5m + 6|
Jm2+l
[Sm+6]
|Sm+6[
25m?+ 60m + 36
25m* +60m + 36
0

0

0 =
60
60

11

PR,: slope %, point (2, 2

y=02)

Ly +2)
1ly+22

Z'be ~1ly— 142

_PR:_; slope 0, point (2,-2)

yr=02)

== =S

60
—(x-2
11( )

60(x—-2)
60x 1205
=

0(x -2)
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2020 LC Maths {HL] — Paper 2

Question 2 (cont’d.)

2(b) (cont’d.)

Scale 15D (0, 4, 8, 12, 15)

Low partial credit: (4 marks)

Any correct relevant step, e.g. sketches
diagram with chord PR bisected (at O)
or some correct use of formula for
Pythagoras’ theorem to find | OC|

and stops or continues incorrectly.
Finds correct value of | OC| and staps
or continues incotrectly.

Writes down correct formula for the
equation of a line PR with some correct
substitution of (2, —2) and stops

ot continues incorrectly.

Writes down correct formula for the
perpendicular distance from a line with
some correct substitution of (7, —8)

and stops or continues incorrectly.

Mid partial credit: (8 marks)

Equates perpendicular distance formula
|5m + 6]

m .........

but fails to progress.

correctly, ie. 6 =

High partial credit: (12 marks)

Finds both slopes correctly, but fails to
find or finds incorrect possible equations
of PR.




2020 LC Maths [HL] — Paper 2 |

Question 3 - - B (25 marks)
3(a) The probability that a certain rugby player scores from each place kick he attempts is 85%.
During a particular match, he takes five place kicks.
Find, correct to four decimal places, the probability that:
(i)  He scores on exactly three of the five attempts; {(5C*)

Seale 5C* (0,2, 4, 5)

P(scores exactly three of the five attempts)

Bernoulli trial

p (probability of score)
g (probability of miss)
n(sample size)

P(k)

P(exactly 3 scores)

Low partial credit: (2 marks)

High partial credit: (4 marks)

P(S, S, S, M, M - in any order)

0-85
1-0-85
0-15

5

L I
i

[g)(olss)ﬂ(o- 15)2

5! g /0. 2
11 ©850-15)

5x4
2x1

0-138178...
0-1382

(0-614125)(0-0225)

Any correct relevant step, e.g. writes down
correct explanation, i.e. P(scores exactly
three of the five attempts) = P(S, S, S,M,M
- in any order) and stops or continues
incorrectly.

Finds p (score) = 0-85 and q (miss) = 0-15

e n
with binomial formula P(k) = (k) prgn-*
and stops ot continues incorrectly.
Some correct substitution into binomial
formula (not stated) and stops or
continues incorrectly.

Finds P(exactly 3) = [; ](0-85)3(0 15)2,

but fails to evaluate or evaluates
incorrectly.

Deduct 1 mark off correct answer only if final answer is incorrectly rounded
or is not rounded - apply deduction only once to each section (a), (b), (c), efc.

of question.

Fage 56 of



2020 L.C Maths [HL] — Paper 2

Question 3 (cont’d.)

3(a) (cont’d.)
(ii)  He scores for the third time on his fifth attempt; (5C*)

P(scores for 3rd time on 5th attempt)
= P(S, S, M, M - in any order) + P(S - 5th attempt)

First 4 atiempts

p (probability of score) = 0-85
= g (probability of miss) = 0-15
n(sample size) = 4

|

P(k)

— 1 k n—k
, Wz

[3)(0-85)2(0-15)2

—  P(exactly 2 scores)

Fillh attempt
p (probability of score) . 0-85

=>  P(scores for 3rd time on 5th attempt)

- (;)(0-85)2(0-15)2 x (-85

!

= _0-85)%0-15)
- 2 osyos

4X3 0-614125)(0-0225)
2x1

= 0:082906...
g 'Kz 0-0829
e - ) —— ~ _h_,_,/-‘_—_‘\.)
Sc.a\[e 5C* (0,2, 4,5) ) Low partial credit: (2 marks) ~ Any correct relevant step, e.g. writes down
~— - correct explanation, ie. P(S, S, M,M
I - in any order) + P(S - on 5th attempt)

and stops or continues incorrectly.
Finds (;) or (0-85)%(0-15)? and stops

or continues incorrectly,

High parti_al_cr-edit: (4 marks) Finds correct probability using bominal
formula, i.e. (;J(O-SS)Z(O 15)2 x 0-85,

but fails to evaluate or evaluates
incorrectly.

Deduct | mark off correct answer only if final answer is incorrectly rounded
or is not rounded - apply deduction only once to each section (a), (b), (c), efc.
of question.

20255 1TOEAY S Page 57 of 95



Question 3 (cont’d.)

2020 LC Maths [HL] — Paper 2

3(@) (cont’d)

(iii)  He scores on at least three attempts during the match.

P(scores on at least three attempts)

D (probability of score)
= g (probability of miss)
n(sample size)

I

P(k)

= P(scores on at least three attempts)

—— 4

(5C*)

P(3 scores) + P(4 scores) + P(5 scores)

0-85
0 15

e

e [

j(o 85)%(0-15) + ( )(0-85)4(0'15)‘+

+ (5J(o-85)5(0.15)0

0-138178... + 0-391504... + 0-443705...
0-973388...
0:9734 \

\

s e # — Accept students’ answers-from part (a)(i) if not oversimplified.

Any correct relevant step, e.g. writes down
correct explanation, i.e. P(at least 3 scores)
= P(3 scores) + P(4 scores) + P(5 scores)
and stops or continues incorrectly.

Finds one correct probability value, i.e.
P(3 scores) [accept answer from part (i),
P(4 scores) or P(5 scores) and stops

or continues incorrectly.

Finds correct probability using bominal

formula, i.e, (g)(0-85)3(0-1 57+

(ij(o-ss)“(o- 15)! + (2)(0-85)5(0-15)0,

but fails to evaluate or evaluates
incorrectly.

Deduct 1 mark off correct answer only if final answer is incorrectly rounded

or is not rounded - apply deduction only once to each section (a), (b), (c), ete.

F:(',alc 5C* (0,2,4,5) ) Low partial credit: (2 marks)
. s ==
High partial credit: (4 marks)
- —
of question.
20201 L 17/20_MS 58/96 Page 58 of 95
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Question 3

(cont’d.)

3(b)

2020 LC Maths [HL] — Paper 2

A, B and C are three events. 4 and B are independent.

| 1 1 5
PA=—,PUAUNB=—,P(CY=—and P(BUC)=~.
(A) 3 (AN B) B (&) 2an (BUO) i

Find P(Bn C) and investigate whether events B and C are mutually exclusive.

U

]

Scale 10D (0, 4,6,8,10)

1

A and B independent events

P(ANB) = P()xP(B)
1 U
i - o P(B)
3
P(B) - =
= 1
4
PBUC) = P(B)+P(C)- P(BC)
El A e TaYe
8 4 2
. 1,15
P(BAC) 2
_ 2+4-5
8
_ 1
L_ _ 8]
P(BNC) 20

B and C are not mutually exclusive

(10D)

)

Low partial credit: (4 marks)

Mid partial credit: (6 marks)

High partial credit: (8 marks)

Any correct relevant step, e.g. writes down
‘P(ANB)=P(4A) x P(B)yas A and B
independent’ or ‘P(BUC) = P(B) + P(C)
— P(BN C)’ and stops or continues
incorrectly.

Draws Venn diagram with some correct
inputs.

Substitutes fully into P(4 N B),

.1 1 1

ie. R x P(B) or finds P(B) 3

and stops or continues incorrectly.

Substitutes fully into P(Bu C),

5 1 1
ie. —=—+— - P(BnC(C), but fails
8 4 2 (B0

to evaluate or evaluates incorrectly.

Finds P(BM () = %, but fails to put

answer in correct context, ..e. Band C
are not mutually exclusive.
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| 2020 LC Maths [HL] - Paper2 |

Question 4 (25 marks)
4(a) Letsind = L where 0 <4 <X
V1o’ 4

(i)  Find sin24 and cos24 in the form E, where p, g € N. (10D)

q
sin A = 1 \/1:0,__, =,
J1o =4 .
3

e T—

Using Pythagoras’ theorem

I 1

| Adj [ = (V10)2-(1)?
= 10-1
= 9
| Adj| - 3
3
cos A = e
Jio
sin24
sin2A4 = 2sinAcosA
| 3
- 2—=)—=)
Jio V1o
— i
10
'_F-:’- i \"
\5__/
cos24
c0s24 = cos®4 —sin?4
= el
J10 V10
A
10 10
- 8
10

=(

\/ﬁ)(\/l—)

=]

Scgle 10D (0, 4, 6, 8, 10)
'H_._________.—-—"’"‘

'I"B.ow partial credit: (4 marks)

Mid partial credit: (6 marks)

High partial credit: {8 marks)

2026.1 L 17/20_MS 50/96
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Any correct relevant step, e.g. sketches
right-angled triangle with sides 1 and /10
correctly labelled in relation to angle 4
and slops or continues incorrectly.

Some correct substitution into formula
for Pythagoras’ theorem to find | Adj |
and stops or continues incorrectly.
Writes down sin24 = 2sinA4 cos4 and/or
cos24 = cos’ A — sin*4 and stops

or continues incorrectly.

Some correct substitution into formula
(not stated) for sin24 and/or cos2A4

and stops or continues incorrectly.

Finds | Adj| = 3 and hence cos 4 = —
but fails to progress.
Finds correct value of sin24 or cos 24

but fails to find or finds incorrectly value
of other term.

3

Vio’
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2020 L.C Maths [HL] - Paper 2 )

Questiond  (cont’d.)

4(a) (cont’d.)

(i) By expressing sin34 in the form sin(24 + A4), find the exact value of sin34.

Give your answer in the form Rl ,wherea, b, ceN. (50)
C
sin(4 + B) B sind cos B + cosAsin B
= sin(24 + A) = sin24cosA + cos2A4sinA4
= sin3A4 = sin2A cosA + cos2A sin A
- —)( )+ ( N——= .. part (a)(i)
ZSMETY
’ = L + 4
5J10 510
- 13
5J10
_ 13 10
o 510 1o
S 3o
\ — 50

—— T~ ** Accept students’ answers from part (a)(i) if not oversimplified.

¢~ Scale 5C (0,2, 4, 5) | Low partial credit: (2 marks) Any correct relevant step, e.g. writes down
N e correct expansion of sin(4 + B) or
sin(24 + A) and slops or continues
< incorrectly.

—  Some correct substitution into formula
(not stated) for sin34 and stops
or continues incorrectly.

High partial credit: (4 marks) —  Substitutes fully into sin 3A

i.e. sin34 = (—)(\[—) ( )(\/»

fails to evaluate or evaluates incorrectly.
Final answer correct, but riot given in
required format.

), but

F'?‘..'r 1. 058



2020 LC Maths [HL] - Paper 2 |

Question 4 (cont’d.)

4(b) Express 2cos?x + 3sinx — 3 = 0 as a quadratic equation in sinx

and hence find all the values of x, where 0 <x < 2w and x is in radians. (10D)
2cos?x + 3sinx -3 = 0
cos?x + sin’x = |
=  cos’x = 1 -sin’x
= 2(1 —sin®x) + 3sinx -3 = 0
= 2-2sin’x+3sinx-3 = 0
= / 2sin’x—3sinx+l = 0
=  (2sinx-—1)sinx—1) = 0
= 2sinx — 1 = 0
: 1
‘ = sinx = —
2
= X = sin~!'—
s T
= L
6 6
6
=  (2sinx- 1)(sinx—1) = 0
= sinx — 1 = 0
| = sinx = 1
= x = sin”' 1
E =
! <
— Solution set -
( Scale 10D (0, 4, 6, 8, 10) 9w partial credit: (4 marks) Any correct relevant step, e.g. writes down
. e cos?x + sin’x = | or cos®x = 1 — sin?x

and stops or continues incorrectly.
- Attempts to form quadratic equation in
sinx and stops or-continues incorrectly.

Mid partial credit: (6 marks) = Finds correct quadratic equation in sinx,
ie. 2sin’x - 3sinx + 1 = 0 or similar,
but fails to progress.

High partial credit: (8 marks) Finds both values for sinx [ans. % and 1],
but fails to finish or finishes incorrectly,
i.e. fails to find all corresponding values
of x.

- Finds one value for sinx [ans. % or 1]

and all corresponding value(s) of x, but
fails to find or finds incorrect other value
of sinx (and corresponding value(s) of x).

A

7 DER
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Question 5 (25 marks)
5(a) A bank issues a unique four-digit PIN code to customers to use with their debit or credit cards.
The code is chosen at random from the digits 0 to 9, inclusive. A code cannot begin with zero
but digits may be repeated. For example, l 1 | 9 ‘ 9 l 5 l is a valid code.
Find the number of possible four-digit PIN codes in which no digit is repeated as a percentage
of the total number of possible codes. Give your answer correct to one decimal place. (5D)
Total number of possible codes
= P9x%10x%10x%10
= 9,000
Number of possible codes with no repetition
= P9xP9xPg«¥7
= 4,536
= % Codes with no repetition of total number of possible codes
_ 4,536 100
9,000 I
_ 63 _ 100
= X —
25—
= Qﬂ% )
— - * D, Q,0Q,® signify the selection order of digits within the code.
Scale 5D (0,2, 3, 4,5). Low partial credit: (2 marks) ~ —  Some work of merit, e.g. writes down
e ) partial list of possible correct codes
[e.g. 1000, 1001, 1101, etc.] and stops.
—  Finds Total number of possible codes =
s 10 x 10 x 10 x 10 = 10,000 or Number

f'.‘_r;‘ﬁ ‘

Uloth o he s

of possible codes with no repetition =
10 x 9 x 8 x 7= 5,040 and stops
or continues incorrectly.

Mid partial credit: (3 marks)

Finds correct Total number of possible
codes [ans. 9,000] or correct Number
of possible codes with no repetition
[ans. 4,536], but fails to progress.

_High partial credit: (4 marks)

Finds correct Total number of possible
codes [ans. 9,000] and correct Number
of possible codes ith no repetition
[ans. 4,536], but fails to find or finds
incorrect percentage.
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Question 5 (cont’d.)

5(b) A PIN code in which no digit is repeated is issued to a customer.
(i) How miany different PIN codes which are even numbers greater than 3000 are possible? (5D)

Greater than 3,000

=3 Starts with 3,4, 5,6, 7, 8,9
Ends with 0,2, 4, 6, 8
Starts with 3, 5. 7.9

= Number of possible codes
= D3x08x®7,2s

1,120

I

. Starts with 4, 6, 8
=>  Number of possible codes
= 03,095,@7,2
= 672

= Total number of possible codes
- 1120 + 672

= 1,792 )
= ~. F 0,0,0,® signily the selection order of digits within the code.

S ie’SD ©,2,3,4,5) 1 Low partial credit: (2 marks) - Some work of merit, e.g. writes down
L - partial list of possible correct codes
[e.g. 3000, 3002, 3004, etc.] and stops.

Finds Number of OSSlb]L codes startmg
with 3,5, 7,9 = C4 x @9 x g x @5
[ans 1,440] or Number of pmsnblc, c.odr:s
starting with 4, 6; 8= 03 x @9 « Og . 9y

[ans| 1,296] and stops or contmues
incorrectly.

Mid partial credit: (3 marks) = Finds correct Number of possible codes
starting with 3, 5, 7, 9 [ang. | ,120] or
correct Number of pme:b!ﬁ codes”
starting with 4, 6, 8 [ans, 672] ‘but fails

- to progress.

High partial credit: (4 marks) - Finds correct Number of possible codes
starting with 3, 5, 7, 9 [ans. 1, 120] and
correct Number of possible codes
starting with 4, 6, 8 [ans. 672], but fails
to finish or finishes incorrectly.

2 DEB
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Question 5 (cont’d.) =

5(c)  Six students compare the months in which they celebrate their birthdays.
Assuming that all months are equally likely, find the probability that no two students were bomn
in the same month. Give your answer correct to four decimal places. (10C*)

P(all born in differcnt months of the year)
2 1710, 9 8 7

2 12 12 12 12 n

_ 665,280
2,985,984
_ 385
1,728
= 0-222800...
‘ = 02248
2. S
Scale 10C* (0, 4, 7, 10) Low partial credit: (4 marks) - Any correct relevant step, e.g. writes down
one or more correct probability and stops
or continues incorrectly.
High partial credit: (7 marks) —  Finds P(all born in different months of

_12 11 10 9 § 7
theyear)——x—x_x_x__x_,
12 12 12 12 12 12
but fails to evaluate or evaluates
incorrectly.

*  Deduct 1 mark off correct answer only if final answer is incorrectly rounded
or is not rounded - apply deduction only once to each section (), (b), (¢), etc.
of question.
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5(b) (cont’d)

(ii)  Find the probability that all of the digits in the PIN code issued are in ascending order.

e.g. 3469 or 2789.

U

Seale 5C (0, 2, 4, 5)

Occurs once in every 4 digit combination

Also, code can not begin with zero

digit eliminated from all combinations

2020 LC Maths [HL] - Paper 2

(50)

Number of possible codes in ascending order

9
4
5141
= 126

Number of possible codes with no repetition

= 4,536

P(all digits in ascending order)
126

4,536

— ®9><®9)~’®8X@7

... part (a)

513 or 0:027777... or 00277

** 0,0, 0Q,d signify the selection order of digits within the code.
**  Accept students’ answers from part (a).if not oversimplified.

Low partial credit: (2 marks) =

High partial credit: (4 marks)

Some work of merit, e.g. writes down
reason why zero is excluded and/or reason
why only occurs once in every 4 digit
combination and stops.

Finds Number of possible codes in

ascending order = [lf) [ans. 210]

and stops or continues incorrectly.
Writes Number of possible codes with
no repetition [ans. 4,536] from part (a)
and stops or continues incorrectly.

Finds cotrect Number of possible codes

[z) [ans. 126],

but fails to finish or finishes incorrectly
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(25 marks)

6(a) The lengths of the sides of the triangle ABC are 9 units, 12 units and 18 units, as shown
in the diagram. Each side is divided into three segments of equal length.

c

_/\
-
/’

12 T, %0 9
//.J \‘\
/‘_/'/\'. 1/'/ \\\
A 18 B

0) Find the perimeter of the shaded region in the diagram above.

c

12/3=4_~\_9/3=3

12/3=4_~ 6

P

(5C%)

T N33

12/3=4_~"N\3 47N 9/3=3
A  18/3-6  18/3-6  18/3=6 B
Perimeter bt 443+6+4+3

\.

)

= ¢ its.>
K26 i

Low partial credit: (2 marks) -

- or similar and stops. -

Any cortrect relevant step, e.g. writes down
‘larger trianagle is an enlargement of the
'smaller triangle(s) with scale factor of 3’

Find correct lengths of 3 externals sides
of shaded region [ans. 12/3 =4, 18/3 =6,
9/3=3,] and stops or continues incorrectly.
Find correct lengths of 1 internal sides
of shaded region and slops or continues
incorrectly.

High partial credit: (4 marks) -

Find correct lengths of all sides of shaded
region, but but fails to find or finds
incorrect perimeter.

Find correct lengths of five sides of shaded
region and finishes correctly.

*  Deduct | mark off correct answer only for the omission of or incorrect use of
units (‘units’) - apply only once to each section (a), (b), (c), etc. of question.

DEB
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Question 6 (cont’d.)

6(a) (cont’d.)

(i)  Ifthe area of the triangle ABC is 48 square units, find the area of the shaded region. (5D*)
C
J H
D_—~= ~. G
A B P B
Area of AABC = k2 x Area of AAED
' Area of AAED : k—12Area of AABC
9
scale factor, k 5
= Areaof AAED = L(48)
(3
-
9
16
16
= Area of ABGF = 3
16
= Area of ACJH = —
Y 3
] 16
= Area of shaded region 48 — 3(—3—)
= 48— 16
32 units?

Seale SD* (0, 2, 3, 4, 5) Low partial credit: (2 marks) Any correct relevant step, e.g. writes down
‘Area of AABC = k* x Area of AAED,
k= scale factor’ or similar and stops.
Find height of triangle using area formula,
ie. %(18)h = 48, and stops or continues
incorrectly.

Find | ZCAB| using trigonometric area
formula, i.e. %(12)(18) sin| LCAB| + 48,
or Cosine Rule,
ie 122+ 182-2(12)(18) cos| ZCAB| =92
and stops or continues incorrectly. !
(similarily | ZABC| or| £BCA).

| Find Area of AAED using ﬂké [ans. 16]

! and stops or continues incorrectly.

| Mid partial credit: (3 matks) Find correct area of Area of A4ED or
Area of ABGF or Area of ACJH [ans. ]TGJ f
but fails to progress:

| High partial credit: (4 marks) Find correct area of Area of A 4ED or

' Area of ABGF or Area of AC.JH and
says area of 3 smaller triangles are equal,
but fails to finish or finishes incorrectly.

u Deduct 1 mark off correct answer only for the omission of or incorrect use of

units (“units™) - apply only once to each section (a), (b), (c), efc. of question,
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Question 6

6(b)

(cont’d.)

| 2020 LC Maths [HL] - Paper 2

In the diagram, [ CD] is parallel to [ 4B ] and [AC] is perpendicular to [ 4B ]

[AD]and [ BC] intersect at the point O.
| 4B} = 11 units, | CD| =9 units and | AC| = 12 units.

c S .D
12 NI
A 11 B
(i) Prove that the triangles 4BO and CDO are similar.
Consider AABO and ACDO
0] | £BOA| . | £COD|
@ | £ZOAB| | £Z0DC|
©) | £ZABO| = | £DCO|
=  AABOand ACDO are similar

Seale 5C (0,2, 4,5) Low partial credit: (2 marks)

High partial credit: (4 marks)

(50

... vertically opposite angles
... alternate angles

... alternate angles or
... remaining angles in
a triangle

Any correct relevant step, e.g. explains
similar triangles and stops.

Identifies one pair of corresponding
angles (with or without brief explanation)
- may be indicated on diagram and stops
or continues incorrectly.

Identifies two pairs of corresponding
angles (with brief explanations).
Identifies all corresponding pairs of angles,
but without explanations.

Shows that AABO = ACDQ, i.e. identifies
all pairs of corresponding angles (with
brief explanations), but fails to conclude
that AABO and ACD( aresimitar. —




Question 6 (cont’d.)

2020 LC Maths [HL] — Paper 2

6(b) (cont’d.)
(i)

Scale 10D* ((, 4, 6, 8, 10)

2026.1 L 17/20 MS 71/96

Find | AD| and hence find | OD|.

c 9 D
- Py
A
7/ 15_ \,
A 1
Pylhagoras™ theorem
| Hyp [* [Opp > +| Adj|?
[ADT 9y + (12
81+ 144
225
|AD] V225
= 15 units _
AABO and ACDO are similar
|OD| _ |AO|
|CD| | 4B
Let|OD|=
[40] 15—x
x 15-x
9 11
11x 9(15-x)
135 - 9x
11x + 9% 135
20x 135
135
x i
20
= 675 units

| High partial credit: (8 marks)

Low partial credlt 4 marks)

_Mid par;i;crcdit: 6 rﬁarks)

Any correct relevant step, e.g. writes down |
similar triangles have corresponding sides |
in the same ratio or similar and stops.
Identifies correct pair of corresponding |
sides, i.e. | AO|and | OD| or | BO| and | OC,|
and stops or continues incorrectly.
~  Finds | AD| using Pythagoras’ theorem
[ans. 15] and stops or continues
incorrectly.

Finds | AD| and states that —— O8] =l 46|

[CD] |A4B|
(with or without values) or similar, but
fails to progress.

410D _15-10D|
11 9 11

but fails to tinish or finishes mcorrectly

_15-x

Deduct 1 mark off correct answer only for the omission of or incorrect use of
units (“units’) - apply only once to each section (a), (b), (c), etc. of question.
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ST (50 marks

Answer all three questions from this section.

Question 7 (50 marks)

7(a) An inverted right circular cone with its axis vertical is filled with water to a depth of 15 cm
above its vertex, as shown. The semi-vertical angle of the cone is 30°.

(i) Find r, the radius of the circular surfacc'%T of the water in the cone.
Give your answer in the form aJb, where a, b e N. (5C*)

Using trigonomelry
tan 30° =

15

30°

-5~

U
o9 I

—
(9]

&
Sl%

[
3

__ = 53 orr;‘\
i _Llﬁ_J_ .

'..'.\\'_t':!.h! 5C* (0,2,4,5) /| Low partial credit: (2 marks) - Any correct relevant step, e.g. sketches
o — right-angled triangle with 7, A and 30°
indicated and staps

pey

. 1 ' ]
Finds tan30° = —= or L and stops
N 15

or continues imcorrectly.

High partial credit: (4 marks) Finds - = L. but failsto finish or

2 N

finishes incorreetly.
Final angwer corect. bud notin fern o/ H
Deduct 1 mark off correet answer only for he cieipston of ar ineoiest v ol

P T R O S — v !
Ctigdy ity 8 1 Tk T m T

alite STy

[ TETS

Page 72 of 9&



2020 LC Maths [HL] — Paper 2

Question 7 (cont’d.)

7(a) (cont’d.)

(i) Hence find the volume of water in the cone, in terms of 7. (5C*)

: 1

-I/ water = gnr Zh
1 ] .
= V) - part (a)(i)
- i n(75)(15)
o TN e Accept students’ answers from part (a)(i) if not oversimplified.
Seale 5C* 0,2,4,5) ) Low partial credit: (2 marks) - Any correct relevant step, e.g. writes down
K\__ i correct formula for the volume of a cone
—— and stops or continues incorrectly.
= Some correct substitution into relevant
volume formula (not stated), e.o. i = 15,
and stops or continues incorrectly.

High partial credit: (4 marks) —  Correct substitution into relevant volume
formula, i.e. Ve = %71’(5\/5 )’(15), but
fails to finish or finishes incorrectly.

*  Deduct | mark off correct answer only for the omission of or incorrect use of

units (‘em*”) - apply only once to each section (@), (b), (c), ete. of question.
L}
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Question 7 (cont’d.)

7(b) A solid sphere of radius « is placed in the cone.
The water rises so as 10 just cover the sphere,
which touches the sides of the cone, as shown.

(i) Find 4, the depth of the water, and R, the radius of the circular surface of the water,

m terms of a. (10D)
(1] Using trigonometry
sin 30° = C
h
= 1
2
a 1
= — = -
h 2
= h = 2a cm
® .. . ddepthofwater = . 2g+a - - -~
T 3a
tan 30° = i 2
d
AN N R
3a
L 3a

= R =

3

(@ aem)

Seale 10D (0, 4, 6, 8, 10) | bw partial credit: (4 marks) —  Any correct relevant step, e.g. sketches |
\ ' right-angled triangle with a, A, and 30°
- ' indicated and stops.

- Finds s 30° = % or tan30° =

and stops or continues incorrectly.

Mid partial credit: (6 marks) Finds correctly 4. R and hence - - 2a
T h2
or d = 3a, but fails to progress fiuther

High partial credit: (8 marks) Finds d = 3a and subsiitutes correcth into
I R . o
tan 30¢ = ——= = — hat fails to finish or

fimshes incorrectly

No deduciion applicd for the omission of o1 inconect cse ol apis b quodion
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Question 7 (cont’d.)

7(b) (cont’d)

(i) Hence find q, the radius of the sphere, correct to two decimal places. (10D*)
Vcone - Vwatcr + Vsphcre
Vo = l1tr2h
3
1 .
. En(ﬁ 2)*(3a) ... part (b)(i)
= 3na?
Vater = 3757 cm? ... part (a)(ii)
. 4
Vsphere = gﬂlr’
= éTl:a3
(ore Hwo 4 dosa
=  3ndd = 375m+ gm-‘
= 3nad- gna3 = 375n
= §Ra3 = 375m
= & _ 375(3)
5
. 225
< = a = V225
N 6-082201...
= 6:08 cm

**  Accept students’ answers from parts (a)(ii) and (b)(i) if not oversimplified.

Scale 10D* (0, 4, 6, 8, 10) | Low partial credit: (4 marks) =~  Any correct relevant step, e.g. writes down
Veone = Viater t Vyptese 0O similar and stops.
—  Finds correct ¥, [ans, 3na®] or Ve

el .
[ans. -3—7&:—‘] and stops or continues

incorrectly.

Mid partial credit: (6 marks) = Substitutes into Vg, = Viater ¥ Veghese tO
find 3na® = 3751 + ‘—:ww‘ (allow students’

own answers), but fails to progress
further.

High partial credit: (8 marks) Find 3na® = 3757+ imz (correct answers
3

only) with some manipulation, but fails
to finish or finishes incorrectly.

*  Deduct 1 mark off correct answer only @ if final answer is not rounded or
incorrectly rounded or ® for the omission of or incorrect use of units (*em”)
- apply only once to each section (a), (b), (c), ete. of guestion.

(i Dem
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Question 7 (cont’d.)

2020 LC Maths [HL] — Paper 2

7(c) A buoy at sea consists of a cone mounted on a heavy cylindrical base which floats with
the cone uppermost. The buoy has an overall height of 6 m, and the cone and the cylinder

have equal volumes and equal radii.

Q) Find the vertical height of the cone.

(5€%)

Vcone. - chlinder
Veone = l1tr2h1
3
= lItrzh
3
chlinder - r 2h2
= (6 — h)
- énﬂh - w6k
= lh = 6-h
3
= h = 366-h)
= 18-3h
h+3h = 18
= 4h - 18
= h = 1—§
: -‘_‘4;:---"' 1
——— = (45m JI
e - ™ ) .
H\‘-;:I(- 5C* (0,2,4,5) \ Low partial credit: @marks)

| High partial credit: (4 marks)

Any correct relevant step, e.g. writes down
1
Veone = 57”2 Ay equals Vogtinges = Tr2h,” or

‘height of cone = 3 x (height of cylinder)” |
or simnilar and stops. |
Finds height of cone /, = A, then height
of cylinder A, = 6 — k or similar and stops
or continues incorrectly.

Find énrzh =76~ h) or %h =6-h.
3

but fails to finish or finishes incorrectly,

Deduct | mark off correct answer only for the omission of or incorrect usc of
upits (™Y apply only once (o each section (a), (b), (¢). ere. of question,
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Question 7 (cont’d.)

7(¢) (cont’d.)

2020 LC Maths [HL] Paper 2 |

(ii)  The diameter of the cone and cylinder is 2-5 metres.
Find the total volume of the buoy, in terms of . (5C*)
o Feone = rcylinder
2
= 1-25m
hcone = h
= 4-5m ... part (c)(i)
S Vi - Im12s7as)
I 259
— _n JR— a—
3 (16 )(2)
_ 151
32 b A
A [
Vcone = J cylimdes
75
= Vto!al = H"{ % }
IL
Z}_IE m’ | or( 46875 m® )
J6
or
Feytinder n Yeone
. _ 2:5
2
= 1'25m
Aeyiinder = 6—h
= 6-4-5 ... part (c)(i)
= 1'5m
= ch]inder = 75(1 25)2(1 5)
25..3
= w2y 2
(X3
= E
32
chlindcr - Vcone
75n
= Wy = 2(—
‘otat ( ~ )
EL; m® or 4-68751 m?
16
k%

Low partzll credit:_(2 m:rks)

Scalé 5C* (0, 2, 4, 5)

|
|

. } . S
| High partial credit: (4 marks)
|

*

Page 77 of 95

Deduct 1 mark oft correct answer on ly for the omission of or incorrect use of
units (‘m*) - apply only once to each

Accept students® answers from part (c)(i) if not oversimplified.

Any correct relevant step, e.g. finds correct !
Teone OF Peylinder [ans ] 25] Jfﬁ‘rﬁnk’

Some correct substitution into formula |
tor volume of cone [method @7 or
volume of cylinder [method ®] and stops |
or continues incorrectly,

Find correct volume of cone [method @] |
or volume of cylinder [method @ | !

[ans 7;21[ in cach case], but fails to finish !

or finishes incorrectly. |

section (a), (b), (c), etc. of question.
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Question 7 (cont’d.) B B B

7(e) (cont’d.)
(iii)  The buay floats with its axis vertical and two-thirds of its volume submerged below
the waterline.

Find the height of the vertex of the cone above the waterline.
Give your answer correct to two decimal places. (10D*)

751 .
Viotal = — m’ .. part (¢)(it)
= Vsubmcrgcd . = {—)

) % .
= V above waterline

Using similar triangle

Y

7 .
y cone above waletline

1 5y, 251
- —T{—— )"V = =
r (18) » 1
25my3 - 257
972 16
972
16
= 6075
I N J60.75
3931112 .
= 393 .
A \

= ¥ =

Accept students” angwers from parl (o)(ii) il vok oversimplified,

Seale 0N (U, 4,6, %, 10) [MLow pariial eredit: (4 marks) Any correct relevant step, ¢.g. fnds correct
s B ! P wiitiiienpig OF Vo voterie A00 SLOPS
Writes down —— or — and stops

d-5 18

ar continues mecorrect v
Midl nartial erodin: (6 marks) o b i
s ol and subshitite: |

DEs
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Question8 ' ~ . _ (50 marks)

8(a) Farmed salmon are harvested when they grow to a certain length.
The lengths of the salmon produced in a particular off-shore fish farm are normally distributed
with a mean of 32:8 cm and a standard deviation of 2-4 cm.

(i)  TFind the proportion of salmon which arec more than 35 cm in length. gl 0D)

X—H

o
32-8
2-4
35-328

2-4

0-916666... |
0-92 f
= P(x>35) P(z>092)
1 -P(z<0-92))
1-0-8212 ... from z-tables

0-1788
Jor  17-88%

z

Qx®

Seale 10D (0, 4, 6,8,10) | Low partial credit: (4 marks) Any correct relevant step, e.g. writes down
correct relevant formula for z-value w1th
some correct substitution; -
Finds correct value for z,5 and stops

or continues incorrectly.

< Mid partial credit: (6 marks) - Finds P(x>35)=1- P(z < 0-92)) (no
z-scores found), and stops or continues
incorrectly.

Finds z-value and related z-score, i.e.
P(x>35) = P(2<0-92)=0-8212 (no
manipulation) and stop - or contmues
incorrectly. -

High partial credit: (8 marks) —  Finds z-value and z-score and manipulate
P(z>0-92) correctly, but fails to finish .
or finishes incorrectly.
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Question 8 (cont’d.)

8(b) The owners of the fish farm have introduced new practices to produce salmon in larger,
less densely populated cages which allow the fish to follow their natural shoaling behaviour.
In a random sample of 250 salmon produced in this way, it was found that their lengths
were normally distributed with a mean of 33-2 cm and the same standard deviation.

@) Test the hypothesis, at the 5% level of significance, that the mean length of the salmon
produced has not changed. State the null hypothesis and your alternative hypothesis.
Give your conclusion in the context of the question. (10D)

o @ Hy:u=328 - mean has not changed, i.e. 4 = 32-8
Hyp#32-8 - mean has changed, ie. u #32-8

()] Convert observed result to z-score

x—
Z — _‘Ll
ag

Jn
= 332
328
S 24
=250
332-328

24 o)
/. \'\ 95%.

- S
0-4 N
24 -1-96 196264
< V250
= 2:635231...
2-64

3 QT W
I

n

® Conclusion
At 95% confidence interval
z-value = 1-96
as 2-64 > 1-96, the result is significant
= we reject the null hypothesis (H,) and accept the alternative hypothesis (H,); -
ie. we can conclude that there is sufficient evidence to suggest that the mean

length has changed

ot

2] O] Hy: =328 = mean has not changed, i.e. u =32-8
Hy:u#32-8 = mean has changed, i.e. 4 #32-8

@ 95% confidence interval for the mean length of salmon in this sample (x)

= [5-1-961 g = 1-96—£—J

Jn’ Jn

x 33-2
o 2-4
f 250
= 95% confidence interval ~
[ ( 24 ) [ 24 ]
1332--1-96 332 + 1~96[
'L V250 ) )

[33-2 - 1-96(0-151789..)), 3324 [-96(0 151789..)]
= [332-0:297507..., 33:2 +0-297507... ]
= [32902492..., 33-497507...]
[329, 33-5]

i.e. 95% confidence that the mean length of salmon in this sample lies
inthe range 32 9 <4 <335

i

)

-\ exams



Question 8

(cont’d.)

8(a)
(i)

(cont’d.)
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On further analysis, it was determined that 60% of the salmon produced in the fish. farm
have lengths of between 31:8 cm and f cm.

Find the value of 7.

z
u
o
231-8
Zy

PGB18<x<i)

P(z <-0-42)

Pz<k)

t—-32-8
24
t—32-8

[

n

Low pa;tial credi;: (4 marks)

(10D)

24

—0-416666...

~0-42

1-32:8
2-4

042k

P(042 <z < 12328,
2.4

06
P(z>042)
1 — P(z<0-42)
1 - 06628
03372
0-6+0-3372
0-9372
1-53
{328

2-4
1-53

i;'g'(!m z-tables

1-53(2-4)

3-672

3672+ 328

36:472

36-47 cm

Any correct relevant step, e.g. sketches
normal distribution graph with z =—0-42
and 60% above this point indicated

and stops.
. -~ _1-328
Finds z;,.4 =042 or z, = 0 (no

z-score found) and stops or continues
incorrectly.,
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Question 8 (cont’d.)

8(b) (i) (cont’d)

®  Conclusion
as 32-8 i{;"nut;;_ide' the i_ntewal for the mean length-of salmon in this sample,
32-9 <u <33:5, wegreject the null hypothesis (H,) and accept the alternative
hypothesis (H)), i.e. we can conclude that there is sufficient evidence to suggest
that the mean length has changed ' =

Scale-10D (0, 4, 6, 8, 10) "Ir.nw partial credit: (4 marks) —  Any correct relevant step, e.g. writes down
< correct null hypothesis (H,) and/or

alternative hypothesis (H,) only.

Refers to comparing z-score to 1:96

fmethod @].

Writes down correct formula for confidence

. R o _ o
interval, i.e. x tz— or ¥ + 1-96—

1z N

- Some correct substitution (x, &, 0 or #)
into formula for z-score [method @]
or (%, o or ») into formula for 95%
confidence interval [method @] and stops
_or continues incorrectly.

Mid partial credit: (6 marks) - Fully correct substitution into formula
for z-score [method @] or formula for
95% confidence interval [method ©]
< and stops or continues incorrectly.

High partial credit: (8 marks) Finds correct z-score or 95% confidence
interval but:

- fails to accept or reject hypothesis,

- fails to contextualise answer properly.
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Question 8 (cont’d.)

8(b) (cont’d)

(ii)  Find the p-value of the test you performed in part (b)(i) and explain what this value
represents in the context of the question. (5D)

(1] p-value

z = £ B

o
Jn
332
32-8
2:4
= 250
332-3238
24

V250

2-635231...
2-64
264 ... part (b)(i)
=  P(z>264) = 1-P(z<2-64)
1-0-9959 ... from z-tables
0-0041
= p-value = Pz <-2:64)+ P(z>2-64)

= 2P(z>2-64)

2 = (00041
L= 0-0082
< 0-05

=  we reject the null hypothesis (H,) and accept the alternative hypothesis (H;)

S Q) %
I

I

inm

il

e Explanation
Any 1:
the p-value is the probability that the test statistic or
a more extreme value could occur if the null hypothesis
is true //
if the mean length is correct (32-8 cm), then here is
a 0-82% chance of finding a mean length of 33-2 cm
- because this has less than a 5% chance, we reject the
null hypothesis //
there is a 0-82% chance of finding a mean length
of 33-2 cm if the null hypothesis is correct

Accept students’ answers from part (b)(i) if not oversimplified.

Scale 5D (0, 2, 3, 4, 5) Low partial credit: (2 marks) ~  Any correct relevant step, e.g. writes down ‘
correct relevant formula for p-value

and stops.
Some correct substitution (¥, 4, o or #)
into formula for z-value (not stated)
and stops or continues incorrectly.

~  Rewrites z-value from part (b)(i) and stops
or continues incorrectly.

Mid partial credit: (3 marks) Finds P(z <2-64) = 0-9959, but fails
to manipulate P(z > 2-64) correctly. |

- Finds P(z>2-64)=1 - P(z<2:64), but |

fails to find or finds incorrect z-value,

; High partial credit: (4 marks) Finds correct p-value and shows value
<0-05, but fails to contextualise answer
properly.

2
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Question 8 (cont’d.)

8(c) Farmed trout are produced in freshwater fish farms. In a particular fish farm, the lengths
of the trout produced are normally distributed with 97-5% of them having lengths of less
than 34-2 cm and 67% of them having lengths of greater than 26-6 cm.

Find the mean and standard deviation of the lengths of the trout produced in this fish farm.

Give your answers correct to two decimal places. (15D)
P(z<k) o 0-975
= k = 1-96 ... from z-tables
: _ s
o
P a
= o - (2R Eqn. @
— 196
P(z <) = 1-0-67
B 0-33
=  P(z<) = 0-67
= t . 0-44 ... from z-tables
{ = LI£
o
_____ -  _0-44 - 26:6—
0 .'."\ I.
et = B 266 — u A
—0-44
- # =266\
= —— | ..Eqn@
% 0-44 q
Equating eqn. @ and eqn. @:
342 —u N _/t—26~6
| 1-96 0-44
= (0:44)(342-u) = (1-96)(1 — 26-6)
= 15-:048 - 0-44u = 1-96u —52-136
= 1-96u +0-44u = 15-048 +52-136
= 2-4u . = .67-184
. 67-184
= a Ere
27-993333...
= Q279 em )
i e .
@ T Lol
196
342 — 2799
=0 -
196
6-21
= 1%
1-96
3 168507,
17 em
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Question 8§  (cont’d.)

8(¢) (cont’d.)

Scale 15D (0, 4, 8, 12, 15)\

2020.1 1. 17/20_MS 86/%6

Low partial credit: (4 marks)

Mid partial credit: (8 marks)

High partial credit: (12 marks)

2020 LC Matbs [HL| - Paper2 |

Any correct relevant step, e.g. sketches
normal distribution graph with 97-5%,
67% or 33% indicated and stops.

Finds P(z < k) =0-975 = k=1-96 (case ®)
or P(z<~=033 = P(z<0) =067

= (=044 (case @) and stops or
continues incorrectly.

Some correct substitution into formula
for z-value (either case) and stops

or continues incorrectly.

. M2-u
Finds either 0 = ———= (Eqn. ©®
inds either o 195 (Eq )
_ 266 —u

—0-44
or continues incorrectly.

oro

(Eqn. @) and stops

Finds eitlier o = SEsb (Egqn. @)
1-96
26-6 — u
—0-44
to finish or finishes incorrectly.

Finds value of 4 [ans. 27-99], buts fails
to find or finds incorrect value of o.

and o = (Eqn. @), but fails

"Page 86 of 95
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, Ce
9(a) A television mast is held in a vertical position

by two metal supports, [4#] and [ CP7, and
a wire cable [ 4F], as shown.

|AD|=24m, |AF|=37Tm,|DF|=1-8 m,
|CE|=2-9mand | £ZBCE| =48°.

(i) Find | BE|, correct to two decimal places.

(1] Trigonometry
sin| Z0|

—  sin|{ZBCE|

= sin48°
= | BE|
= | BE|
or
(2] Sine Rule
a b_ c
sind sinB
| BE|
= T
sin| ZBCE)|
| BE|
f—
sin48°
= | BE|

Seale 5C* (0, 2, 4, 5)

In

| Low partial credit: (2 marks)

| 2020 LC Maths [HL| - Paper2 |

(50 marks)

1Opp
[Hyp|
|BE|
|CE|
|BE|
2:9
(2-9)(sin 48°)
(2:9)(0-743144...)
2-155119
2-16 m

|CE|
sin| ZEBC|
2:9
sin90°
(2-9)(sin 48°)
sin90°
(2:9)(0-743144...)
1

2-155(19...
216 m

Any correct relevant step, e.g. writes down |
correct formula for trig. ratio (sin) or |
correct formula for Sine Rule and stops.

; . BE| |BE
Finds sin48° = —I—I, 1BE| or 0-743144 |
ICEl” 29

and stops or continues incorrectly,
Some correct substitution into Sine Rule
and stops or continues incorrectly.

ligh paitisl credit: (4 marks)



Question 9 (cont’d.)

9(a) (cont’d.)

[ 2020 LC Maths [HL] — Paper 2

(i)  Find | £Z4ADF, correct to the nearest degree. (10D*)
Cosine Rule:
a? br+¢?—2bccos A
=  |AFP |AD? +|DF]?—2|AD|.| DF |cos| ZADF)|
= (377 (2:4)* + (1-8)2 - 2(2-4)(1-8) |cos| LADF|
= 13-69 576 +3-24 — (8-64) | cos| LADF|
=  (8:64)cos| LADF| 5:76 +3-24 - 13-69
—4-69
cos| ZADF| i
. 8-64
—0-542824...
| ZADF| cos”'(-0-542824..))
122-876093,.."

Seale 10D* (0, 4,6, 8, 10)

123°
llow partial credit: (4 marks) Axnty correct relevant step, e.g. writes down
correct formula for Cosine Rule and stops.
Some correct substitution into relevant
formula for Cosine Rule (not stated)
and stops or continues incorrectly,

Mid partial credit: (6 marks) Correct substitution into formula for
Cosine Rule and stops or continues
incorrectly.

High partial credit: (8 marks) —  Correct substitution into formula for

Cosine Rule with some manilupation, e.g.
cos| ZADF|=— i LA —0-542824...,

but fails to finish or finishes incorrectly.
—  Substitutes almost correctly into formula
for Cosine Rule (allow one incorrect or
omitted substitution) and finishes correctly.
w= = ...—=_—Incorrect calculator mode - apply: once -
only [Radian: ans. 2-144592...; Gradian:
ans. 136-528992...].

—  Finds correct answer, but no work shown.

Deduct 1 mark off correct answer only if final answer is incorrectly rounded
or is not rounded - apply deduction only once to each section (a), (b), (c), efc.
of question.

No deduction spplied for the omission of or incorrect use of units (<°%)

as unils are mentioned in the question.
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Question 9 (cont’d.)

2020 LC Maths [HL] - Paper 2

9(a) (cont’d.)

(iii)  Hence find | EF|, correct to two decimal places.
| ZBDA | =
cos| £0| =

= cos| £BDA| =
= cos 57° =
e | BD|
| BF| =
|EF|

\

Seale 5C* (0,2, 4, 5) )

. = -

Low partial credit: (2 marks) -

(5C*)
180° — | LADF|
180° — 123° ... part (a)(ii)
57°
|Adi|
[Hyp|
18D}
|AD|
|BD|
2.4
(2-4)(cos 57°)
(2-4)(0-544639...)
<1-307133:,
|BD| +| DF)
1:307133... + 1-8
~3:107133.5
| BF| | BE|
3-107133... - 2-16 ... part (a)(i)
0-947133...

0-95m * \

**  Accept students’ answers from parts (a)(1) and (a)(ii) if not oversimplified.

Any correct relevant step, e.g. writes down
correct formula for trig. ratio (cos)

—  Finds | £ZBDA|=180° — 123° or 57°

and stops or continues incorrectly.

- Finds cos57° = % or 0-544639...

and stops or continues incorrectly.

High partial credit: (4 marks) -

Finds correct | BD| [ans. 1-:307133..],
but fails to finish or finishes incorrectly.
Finds | BD| or | BF| (allow one omission,
sign or incorrect calculator mode error)
and finishes correctly.

Deduct 1 mark off correct answer only @ if final answer is not rounded or
incorrectly rounded or @ for the omission of or incorrect use of units (‘m”
- apply only once to each section (a), (b), (c), efc. of question.
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Question 9 (cont’d.)

9(b) The summer season in a certain holiday resort runs from 15 April to 30 September, inclusive.
The number of visitors to the resort (in thousands), #(r), can be approximated by the function:

n(t):4-8—2-6cos(i:).
84

where ¢ is the number of days after 15 April and [814[] is expressed in radians.

(i)  Find the number of visitors to the resort on 13 May (28 days after 15 April) (5C)
n(t) 4-8—2-6cos(lt
84
‘ = n(28) S 4-8—2-6cos(1(28))
84
48— 2-6cos[£)
3
4-8 —2-6(0-5)
~ 4-8-1-3
=  # visitors 3-5 = 1,000
= (3,500>
feale 5C (0,2, 4, 5) Low partial credit: (2 marks) Any correct relevant step, e.g. substitutes

correctly into n(z), i.e.

n(28)=4-8 — 2-6005(1(28) ,
84

and stops or continues incortrectly.

High partial credit: (4 marks) - Finds n(28) =35, bl:t fails to finish
or finishes incorrectly.
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Question 9 (cont’d.)

9b) (cont’d.)

(iv)  Find the two dates on which the number of visitors to the resort is approximately 3,851, (10D)
n(t) = 48 —2-6cos[lz]
84
= 3-851
i
= 4-82-6005[—t] = 3-851
84
T
= 2~6cos(—!j = 4-8 -3-851
84
= 0-949
I 0-949
= cos| —1 = —
84 2-6
= 0-365
Tt
= —1 = cos ~'(0°365)
84
= 1-197163...
= [ . %(1-197163..‘)
T
B 32-009794...
= \R2days >
= Date @ - 15/4 + 32

- 15/4+(15+17)
= (175 or 17May 3

—

Fourth quadrant —

T
= —f = 21 — cos 7' (0-365)
84
= 2n—1-197163...
= 5-086021...
4
= t = 8—(5-086021...)
i
= 135990205 i
= 136 days
=  Date ®@ 15/4 + 136
= 15/4 4+ (15 + 31 +30+31+29)
= 29/8 or 29 August
Scale 10D (0, 4, 6, 8, 10) Low partial credit (4 marks) Any corredt relevant slep, ¢.g. writes down
{ T i } N
48 -D-teos| 1 ] = 3-851 orequivalent
LEd
and siops or contines incorredly.
wid partial dit: (& marks) ) ([ | (0949 o
i . Finds cos| | = e or 00365
| hiil 20
and slgps pi contmucs meerrectly :
Higeh pantin ifz {8 1 s o e ol ponly |_-,]1- 3 |1_Hlli
INIETR e, Pugtl [adls 1o [yl
second dale
BI¥] IRYRT
s LN 1
e =5
e R -
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Question 9 (cont’d.)

9(b) (cont’d.)

(v)  Find the rate at which the number of visitors to the holiday resort is changing
on 19 August (126 days after 15 April).

Explain your answer in the context of the question. (5Db)
(1) Rate at which the number of visitors is changing
n(t) = 48— 2-6c0s| ~t
84
d T
n'(t = —(4-8 —2-6¢cos| —¢
: tas-reoli)
T (T
—2:6)(—)(—sin| —¢
, (- 26) ) (34 ])
26m . (m
= sin| —¢
34 84
@¢t=126
2-6m i
= n'(126 = sin| — (126
(126) 84 (84( ))
B 2:6m ., 3m
84 2
2-61
- -1
84 D
. 2-6m
84
= —0-097239... x 1,000
L = —97-239772...
= -97-24
2} Explanation
Answer the number of visitors is decreasing

by (approximately) 97 per day

___ScaleSD (0,2,3,4,5) | Low partial credit: (2 marks) .— Any correct relevant step, e.g. some correct
effort at differentiation.

Mid partial credit: (3 marks) ~  Findsw'()=( 2'6)(1)(—sin(11))
84 84

orn'(f) = 2 f:l sin(%t} and stops

or continues incorrectly.

High partial credit: (4 marks) Finds correctly n'(126) = —0-097239...,
—97-239772... or —97-24, but fails to
contextualise answer properly.
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Question 9 (cont’d.)

9(b) (cont’d.)

(i)  Find the largest number of visitors to the resort and the date on which this occurs. (5D
o Largest number of visitors

. n
Largest # visitors occurs when cos{a.i ] ==
i

(0 = 48-26(1)

= 48+26
= 7-4

=  Max. # visitors = 74 = 1,000
= %4 00,

(2] Date
‘n
cos| —¢ = -1
)
T
= —t = cos ! (-1
84 b

= T

= 7 N 84

= Date = 15/4 + 84
= 15/4 + (15431 +30 + 8)
= <87 or 8luly

% 5D (0,2, 3,4,5) % "\ | Low partial credit: (2 marks) —  Any correct relevant step, e.g. writes downj
J
T largest # visitors when cos[%t) =-1
and stops.
= Attempts to differentiate n(f) and stops
or continues incorrectly.

(7 i )
- Finds sin| — | =0 or——¢ = sin""(0 3
m{&a ] 54 ©

~but faits to find ¢ or finds incorrect !,
e.g. error using radians.

Mid partial credit: (3 marks) - Finds (g =74 or t = 84 and stops
or continues incorrectly.

_High_partial credit: (4 marks)

Finds n(f)max = 7-4 and 1 = 84 and stops
or continues incorreetly.

Finds n(t)max = 7-4 and Max. # visitors
= 7,400, but fails to find date on which |
this oceurs. |
Finds /= 84 and Date = 8/7, but fails

to find Max. # visitors on this date.
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Question 9 (cont’d.)

9(b) (cont’d.)

(iii) Find the period and the range of n(¢).

Hence draw a rough sketch of n(f) on the axes below. 50
(1] Period
General equation of a cos function:
f@® = a+ bsinct
Period = 2
c
T
n(t) = 4-8 —2-6c0s| —¢
) 84
T
= ¢ = e
84
=  Period = 20

L

84

”w

o
= (168 days
e Range -

Range = [a—b, a+b]

= [48-26 4:8+2:6] x 1,000
= [22, 7-4] x 1,000

" = [2,200, 7,400]
(2] Sketch
N Iln t) _[' T — _I - _::__
R T T O B e e el P et ‘!___ﬂl____—__'__:‘.:,:.-_-_._.'_ =
& | //,_.’:. I ] hh_h"”_“‘--.._{“_\_‘_ | [._._ e
S f == 1 _._J o -E_HH_\__“- .
I— - o ==_——..—~———r:—o—||—-—- — —_| B R e e it s s Tl = .-:—=_——_.t
| ' L[y | (13m0 g .
| B S I O ‘ T 20 I Y 1 B
- 3 -““‘--‘-H'\\\. -
Scale 5C (0, 2, 4, 5) Low partial credit: (2 marks) - Any correct relevant step, e.g. writes down
correct formula for the period of a trig.
function or general equation of a cos

function with notation.

Some correct use of 27 or %, eg 2n+x

s oL
orx +—,x#2mwor —.
84 84

~  Finds period or range of n(¢) and stops
or continues incorrectly.

High partial credit: (4 marks) Finds period and mn;e of n(r), but draws
no sketch or incorrect sketch of n(f).
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