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Preface

This workbook is mainly based on the author’s worksheets for the college algebra course (MAD-119)
at QCC of CUNY. It is intended as a concise introduction to college algebra at the intermediate level.

Our motivation is to emphasize the depth of reasoning and understanding rather than multitudes
of approaches to similar types of questions. We try to expose only key concepts and ideas, which
will save time for practicing and reinforcing critical thinking skills which include observing patterns,
identifying and analyzing problems, making logic connections, determining problem-solving strategies,
and solving problems systematically. For example, only the method of undetermined coefficient was
introduced for factoring trinomials. To factor the trinomial Ax?> + Bx + C, where 4, B and C are
integers, we may use trial-and-error method to find integers m, n, p and ¢ such that mn = A, pg = C
and mq + np = B. In practice, we first factor 4 and C, and then use the following diagram to check if

mq + np = B holds.

This method is based on the observation that Ax? + Bx + C can be factored into (mx + p)(nx + q).
Indeed, observing and making logic connections are very effective in problem-solving.

Topics are contained in 25 lessons. Each lesson corresponds to roughly one class meeting. A lesson
starts with a page on concepts, formulas and examples, and ends with a list of practice problems that
students are expected to be able to solve and complete in class.

This work was partially funded by the OER Conversion Grant from CUNY.

We would like to thank our colleagues and students for their feedback and support during the
development of this project. In particular, we would like to thank Joseph Bertorelli, Beata Ewa Carvajal,
Kwai Chiu, Lixu Li, Wenjian Liu, Nam Jong Moh, Tian Ren, Kostas Stroumbakis, Evelyn Tam, and Haishen

Yao for their encouragement, support, carefully reading the draft and correcting mistakes.

Fei Ye

Summer 2018
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Lesson 1. L

inear Inequalities

{ Properties of Inequalities }

Property

Example

The additive property
Ifa<b, thena+c<b+ec.
Ifa<b,thena—c <b—c.

If x +3 < 5, then x + 3 — 3 < 5 — 3. Simplifying
both sides, we get x < 2.

The positive multiplication property
If a < b and c is positive, then ac < bc.

If a < b and c is positive, then £ < %.

2 4 . Lo .
If 2x < 4, then 5+ < 3. Simplifying
both sides, we get x < 2.

The negative multiplication property
If a < b and ¢ is negative, then ac > bc.

If a < b and c is negative, then £ > g.

If1 <2, then —2 = 1-(=2) > 2- (=2) = —4.
If —2x < 4, then =%* > . Simplifying both

sides, we get x > 2.

Note: These properties also apply toa < b, a

> b and a > b.

[ Compound Inequalities ]

x—1>2
3x—5<4

example,

2x—4

_35 3

<2, which means that —3 < 2% and

A compound inequality is formed by two inequalities with the word “and” or the word “or”. For

and 2x +1 < 3.

or 3x—2>10.
2x—4

3 < 2.

[ Example 1.1. Solve the linear inequality

2x +4 > 0.
Solution:
2x+4>0
add —4 2x > —4
divide by 2 x> =2

The solution set is (—oo, —2).

equality x+2<3 and —2x -3 < 1.
Solution:

x+2<3 and —2x—-3<1
x <1 —2x <4
x <1 and x> -2

That is —2 < x < 1. The solution set is (-2, 1).

| The solution set is [—4, 5).

Example 1.3. Solve the compound linear in-

Example 1.2. Solve the linear inequality

—3x—-4<2.
Solution:
—3x—-4<2
add 4 —-3x <6
divide by —3 and switch x> =2

The solution set is (=2, +00).
Example 1.4. Solve the compound linear in-

equality —x +4>2 or 2x —5> 3.
Solution:
—Xx+4>2 or 2x —5> -3
—x > =2 2x > 2
x <2 or x>1

That is x > 1 or x < 2. The solution set is
(—00, +00).

Example 1.5. Solve the compound linear in- Example 1.6. Solve the compound linear in-
equality g, equality T4
Solution: Solution:
2x —4 —3x+4
—4 < <2 1< — <3
- 2
-12<2x—-4 <6 —2< -3x+4 <6
-8< 2x <10 —6< -3x <2
—4 < x <5 2
2> X > ——

3
The solution set is (—3, 2].
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Lesson 1. Linear Inequalities

Practice 1.1. Solve the linear inequality. Write your answer in interval notation.

(1) 3x+7<1 (2) 2x =3 >1
(0+7) (@11 [c—"00—) (D T'T
Practice 1.2. Solve the linear inequality. Write your answer in interval notation.
(1) 4x+7>2x -3 2) 3—2x<x-6
(co+'¢] (@21 (00+°6—) (D21
Practice 1.3. Solve the compound linear inequality. Write your answer in interval notation.
(1) 3x +2>—-1 and 2x—-7<1. (2) 4x—7<5 and 5x—-2>3
€1 @ ¢€1 [v'1-) (D €T
Practice 1.4. Solve the compound linear inequality. Write your answer in interval notation.
(1) =4 <3x+5<11. (2) 7z2x=3= -7
[Sz-]1 @¥F1 (Te-] (D¥T
Practice 1.5. Solve the compound linear inequality. Write your answer in interval notation.
(1) 3x —=5>-2 or 10—2x <4. ) 2x+7<5 or 3x—-8>x-2
(co+¢l N (1—"00—) (2) S'T (00+°1) (D) S'T

Practice 1.6. Solve the compound linear inequality. Write your answer in interval notation.

2 —
1) —2<2X7° 3 @ —1<XF7 4

[} (@091 (L$=1 (Do
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Lesson 2. Absolute Value Equations

{ Absolute Value Equations }

Let X represent an algebraic expression.
X =c or
The equation |X| = 0 is equivalent to X = 0.

Example 2.1. Solve the equation |[2x — 3| = 7.
Solution: The equation is equivalent to

2x—3=-7 or 2x-—-3=7
2x = —4 2x =10
x=-2 or x=5
The solutions are x = —2 or x = 5. In set-builder

notation, the solution set is {—2, 5}.

Example 2.3. Solve the equation

3]2x = 5| =09.
Solution: Rewrite the equation into |X| = ¢
form.
2x — 5] =3
Solve the equation.
2x —5=-3 or 2x—-5=3
2x =2 2x =8
x=1 or x=4

The solutions are x = 1 or x = 4. In set-builder
notation, the solution set is {1, 4}.

Example 2.5. Solve the equation

[B3x — 2| = |x + 2|.
Solution: Because two numbers have the same
absolute value only if they are the same or oppo-
site to each other. Then the equation is equiva-
lent to

3x—-2=x+42 or 3x-2=-(x+2)
2x =4 4x =0
x=2 or x=0

The solutions are x = 2 and x = 0. In set-builder
notation, the solution set is {0, 2}.

The absolute value of a real number a, denoted by |a|, is the distance from 0 to ¢ on the number
line. In particular, |a| is always greater than or equal to 0, that is |a
the following properties: |—a| = |a|, |ab| =lal|b] and |%|= IZ_I'

> 0. The absolute values have

If ¢ is a positive number, then the equation |X| = ¢ is equivalent to

X = —c.

If ¢ is a negative number, then the solution set of | X| = ¢ is empty. An empty set is denoted by @.

Example 2.2. Solve the equation [2x —1|—3 = 8.

Solution: Rewrite the equation into |X| = ¢
form.
2x — 1| = 11

Solve the equation.

2x—1=—-11 or 2x—-1=11

2x = —10 2x =12
xX=-5 or xX=6

The solutions are x = —5 or x = 6. In set-builder

notation, the solution set is {—5, 6}.

Example 2.4. Solve the equation
21 —2x|—-3=7.

Solution: Rewrite the equation into |X| = ¢
form.
2x — 1] =5
Solve the equation.
2x —1=-5 or 2x—1=5
2x = —4 2x =6
x=-2 or x=3
The solutions are x = —2 or x = 3. In set-builder

notation, the solution set is {—2, 3}.

Example 2.6. Solve the equation

2|1 — x| = |2x + 10].
Solution: This equation is similar to the one in
Example 2.5 except that there is an extra number
2 outside. Since 2 is positive, we are free to move
it inside. Moreover, because | — X| = |X|, the
equation is equivalent to

[2x — 2| = |2x + 10|

2x—2=2x+10 or 2x—-2=-—2x+ 10)
—-2=10 or 4x = -8
x=-2

The original equation only has one solution
x = —2. In set-builder notation, the solution
set is {—2}.

A Concise Workbook for College Algebra 3
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Lesson 2. Absolute Value Equations

Practice 2.1. Find the solution set for the equation.

3x -9

1) 2x —1] = 5. ) ‘ x2 ':3.
{1} @1¢

Practice 2.2. Find the solution set for the equation.

(1) |3x — 6| + 4 = 13. (2) 3]2x =5 =9.
v} @ce

Practice 2.3. Find the solution set for the equation.

(1) |5x — 10| + 6 = 6. (2) =3|3x —11| =5.

g (2) €¢
Practice 2.4. Find the solution set for the equation.
(1) |5x — 12| = |3x — 4. (2) |x—1]=-5|2—x)—1].

I (@ ¥%¢

et (mre

s'1—-} (1 2z

{¢d (1 €z

e (e
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Lesson 3. Properties of Integral Exponents

{ Review on Properties of Exponents }

An exponent is a number that we put on the upper right corner of a number, variable or expression,
called the base, to tell us how many times we should multiply the base with itself. In algebra, we
write

xl’l

n factors of x
Exponents have the following properties.

1. The product rule Example:
x™ . x" = xmtn 2x2 - (=3x3) = —6x°.
2. The quotient rule (Suppose x # 0.) Example:
m—n if m is greater than 155 343 —3x* 1
x™m or equal to n. 502 6x3  2x
— =
o if m is less than n.
xn—m
3. The zero exponent rule (Suppose x # 0.) Example:
x0 =1 -2°%=1, —x"=-1
4. The negative exponent rule (Suppose x # 0.) Example:
1 1 -2 3
x_n - — and == xn. (—2)_3 = —1 = —l X_ = x— = X
x" x—" (-2)3 8’ =3 x2
5. The power to a power rule: Example:
(x4)? = x4b. 22 =28 =64, (x2)° =x6
6. The product raised to a power rule: Example:

(—2x)% = (=2)%x2 = 4x?
(—a2b)® = (=1)3(@?)*p? = —a®b>.

()" = X"y,

7. The quotient raised to a power rule (Sup- Example:
pose y # 0.) ( x )3 x (-a®? a*

n —a’ 2
(%) =) T (=23 T 8’(b_3) B

v )
{ Order of Basic Mathematical Operations }
In mathematics, the order of operations reflects conventions about which procedure should be
performed first. There are four levels (from the highest to the lowest):
Parenthesis; Exponent; Multiplication and Division; Addition and Subtraction.
Within the same level, the convention is to perform from the left to the right.

2972773 -
2y_22_5 —4_ 3 —4_ 225y6 4_24(25)4(y6)4 B 1622°y24
4x—3y4 — \2z5y6 o x3 o (x3)4 T x12 v

3 3

Example 3.1. Simplify (

Solution:

A Concise Workbook for College Algebra 5 @



Lesson 3. Properties of Integral Exponents

Practice 3.1. Simplify. Write with positive exponents.
0,15

—Uu-v
(1) a%a3a’ ) ¢ (3) (-2)72 @ (—x1(-»)?)’
G- B TE S (@1 - @re or? (D T°€
Practice 3.2. Simplify. Write with positive exponents.
4 3,0
(1) (3a2b3c2)(4abe?)(2b2c3) @) xyzyzz 3) (=2a3b2c0)3 @ (x>
< wee 0d678— (€) T'€ < (e 129qeP¥T (1) T°€
Practice 3.3. Simplify. Write with positive exponents.
0,3\ 3 —2,.-315 —2.5 \ 3
5 v —xy 37%a™>b 6x~“y
(1) (=3a%x?) (2) (W) (3) T3y 4 4) (m
«
S (D) €g wxg (O €€ P (@ ge (D g
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Lesson 4. Introduction to Functions

{ Functions are Relations }

A relation is a set of ordered pairs. The set of all first components of the ordered pairs is called

the domain. The set of all second components of the ordered pairs is called the range.

A function is a relation such that each element in the domain corresponds to exactly one element
in the range.

[ Functions as Equations and Function Notation }

For a function, we usually use the variable x to represent an element from the domain and call it

the independent variable. The variable y is used to represent the value corresponding to x and is

called the dependent variable. We say y is a function of x. When we consider several functions

together, to distinguish them we named functions by a letter such as f, g, or F. The notation f(x),

read as “f of x” or “f at x”, represents the output of the function f when the input is x. To find

the value of a function at a given number, we substitute the independent variable x by the given
number and then evaluate the expression. We call the procedure evaluating a function.

Example 4.1. Find the indicated function value.

1. f(=2), f(x)=2x+1 f(-2)=2-(-2)+1=—-4+1=-3.

2. 212, gx)=3x2-10 g(-2)=3-2>)-10=3-4—-10=12—-10=2.
3. h(a—1t), h(x)=3x+5 h(a—t)=3-(a—t)+5=3a—-3t+5.

[ Graphs of Functions and Graphs as Functions }

The graph of a function is the graph of its ordered pairs.

A graph of ordered pairs (x, y) in the rectangular system defines y as a function of x if any vertical
line crosses the graph at most once. This test is called the vertical line test.

The domain of a graph is the set of all inputs (x-coordinates). The range of a graph is the set of all
outputs (y-coordinates).

To find the domain of a graph, we look for the left and the right endpoints. To find the range of a
graph, we look for the highest and the lowest positioned points.

Example 4.2. Use the graph on the right to an-
swer the following questions.

(1) Determine whether the graph is a function . 4
and explain your answer. , /
(2) Find the domain of the graph (write the do- N /
main in interval notation). — —

(3) Find the range of the graph (write the range
in interval notation).

Py

ey
3

4
4

Solution: (1) The graph is a function. Because every vertical line crosses the graph at most once.
(2) The graph has the left endpoint at (—2, 1) and but no right endpoint. So the domain is [-2, +00).

(3) The graph has two lowest positioned points (-2, 1) and (2, 1) and but no highest positioned
point. So the range is [1, +00).

A Concise Workbook for College Algebra 7 @



Lesson 4. Introduction to Functions

Practice 4.1. Find the indicated function values for the functions f(x) = —x>+x—1 and g(x) = 2x—1.
Simplify your answer.
(1) f(2) (2) f(=x) (3) g(=1) 4) g(f(1)

c—=(DHE M1y ¢=UIDF(OTF [1—-x—x—=0)/ Q1% ¢=@F (DI1¥

Practice 4.2. Use the graph on the right to answer
the following questions.

(1) Determine whether the graph is a function

and explain your answer. da [ B[ p LA
(2) Find the domain of the graph (write the
domain in interval notation). 2
(3) Find the range of the graph (write the range 3
in interval notation). 4
(T'oo-) (9) TF [c'oo-) (@) TF SIX(T) ¥

Practice 4.3. Find the corresponding x-coordinate of a point on the graph in Practice 4.2 whose
y-coordinate is 1.

0=Xx ¢¥F
(@NOIS] 8
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Lesson 5. Linear functions

{ The Slope-Intercept Form Equation }

The slope of a line measures the steepness, in other words, “rise” over “run”, or rate of change of
the line. Using the rectangular coordinate system, the slope m of a line is defined as

y2—y1 _ Trise

m = = —,

X2 — X1 run
where (x1, y1) and (x5, y») are any two distinct points on the line. If the line intersects the y-axis at
the point (0, »), then a point (x, y) is on the line if and only if

y =mx + b.

This equation is called the slope-intercept form of the line.

]

[ Linear Function |
A linear function is a function whose graph is a line. A linear functions can be written as
f(x) =mx +b,
where m is the slope and (0, ») is the y-intercept.
If a function f(x) is a linear function, then » = f(0) and the slope
Sf(x2) — f(x1) _ change in output
x»—x;  change in input ’

[ How to Write an Equation for a Linear Function? }

Example 5.1. If f(x) is a linear function, with f(2) = 5, and f(—1) = 2, find an equation for the
function.
Step 1. Find the slope m: m = f(i)__(fgl) = 2_5(__21) =3=1
Step 2. Plug x = 2 into the slope-intercept form f(x) = Ix + b and then solve for b:
5=fQ2)=2+b
54(2)=2+(-2)+5b
3=b
Step 3. The slope-intercept form equation of this function is f(x) = x + 3.

{ Sketch the Graph of a Linear Function via Plotting Points }

Example 5.2. Sketch the graph of the linear function f(x) = —%x + 1.

Method 1: Get points by evaluating f(x). Method 2: Get points by raise and run.
Step 1. Choose two or more input values, e.g. Step 1. Plot the y-intercept (0, f(0)) = (0, 1).
x=0and x = 2. Step 2. Use ?uig = —% to get one or more points,

Step 2. Evaluate f(x): f(0) =1and f(2) = 0. e.g, we will get (—2,2) by taking rise = 1 and
Step 3. Plot the points (0, 1) and (2,0) and draw run = —2, i.e. move up 1 unit, then move to the
a line through them. right 2 units.
Step 3. Plot the points (0,1) and (—2,2) and
draw a line through them.

A Concise Workbook for College Algebra 9 @



Lesson 5. Linear functions

Practice 5.1. Finding the slope of the line passing through (3,5) and (-1, 1).

T=uw TS

Practice 5.2. Find the slope-intercept form equation of the line passing through (6, 3) and (2, 5).

9+ xf—=4 g

Practice 5.3. Determine if the linear functions f(x) and % (x) with the following values f(-2) = —4
f(0) = h(0) = 2 and A(2) = 8 define the same function. Explain your answer.

T+ x¢ = (x)3 pue g + x¢ = (X)/ 9snedxdq "S9x €S

Practice 5.4. Graph the function.

(1) f)y=—x+1 () fx)=3x—1

A A

A 4
Y
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Lesson 6. Perpendicular and Parallel Lines

[ Horizontal and

Vertical Lines }

vertical line is defined by an equation x = a. The

fails for a vertical line.

A horizontal line is defined by an equation y = b.

The slope of a horizontal line is simply zero. A
slope of a vertical line is undefined.

A vertical line gives an example that a graph is not a function of x. Indeed, the vertical line test

[ Get the Explicit Function from an Equation }

When studying functions, we prefer a clearly ex-
pressed function rule. For example, in f(x) =
—2x + 1, the expression —Zx + 1 clearly tells us
how to produce outputs. For a function f de-
fined by an equation, for instance, 2x + 3y = 3,
to find the function rule (that is an expression),
 we simply solve the given equation for y.

2x +3y =3
3y =—2x+3
y——%x+1
3

Now, we get f(x) = —2x + L.

{ Point-Slope Form Equation of a Line

|

J

X

When the slope m of a line and a point (xg, yo) on the line are given, we can write down an equation
for the line in the following form, called the point-slope form:
y — Yo = m(x — xo).
This equation comes essentially from the slope formula
y—=Xo
m =

_xO-

{ Perpendicular and Parallel Lines }

Any two vertical lines are parallel. Two non-
vertical lines are parallel if and only if they have
the same slope.

A line that is parallel to the line y = mx + a has
| an equation y = mx + b, where a # b.

Horizontal lines are perpendicular to vertical
lines. Two non-vertical lines are perpendicular
if and only if the product of their slopes is —1.
A line that is perpendicular to the line y = mx+a
has an equation y = —+x + b.

{ Find Equations for Perpendicular or Parallel Lines

|

J

Example 6.1. Find an equation of the line that
is parallel to the line 4x + 2y = 1 and passes
through the point (-3, 1).
Step 1. Find the slope m of the original line
from the slope-intercept form equation by solv-
ing for y. y = —2x + 3. Som = 2.
Step 2. Find the slope m of the parallel line.

mp=m=—2.
Step 3. Use the point-slope form.

y—1=-=2(x+3)
y =-—2x—5.

Example 6.2. Find an equation of the line that
is perpendicular to the line 4x — 2y = 1 and
passes through the point (-2, 3).
Step 1. Find the slope m of the original line
from the slope-intercept form equation by solv-
ing for y. y = 2x — 1. Som = 2.
Step 2. Find the slope m | of the perpendicular
line.

my=—L=_1
Step 3. Use the point-slope form.

1
y=3=—3(+2)

1

y:—;x—|—2.

11
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Lesson 6. Perpendicular and Parallel Lines

Practice 6.1. Find the point-slope form equation of the line with slope 5 that passes though (-2, 1).

(t+xs=1—-4 19

Practice 6.2. Find the point-slope form equation of the line passing thought (3, —2) and (1, 4).

(I1—-0¢—=y—4 29

Practice 6.3. Find the slopes of the lines that are parallel and perpendicular to the line 2x — 5y = —3.

niaN

— =Tw %:"m €9

Practice 6.4. Find the point-slope form and then the slope-intercept form equations of the line parallel
to 3x — y = 4 and passing through the point (2, —3).

6—xg=4« (T—0¢=¢+4 9

Practice 6.5. Find the slope-intercept form equation of the line that is perpendicular to 4y —2x+3 =0
and passing through the point (2, —5)

[—xg—=4 ¢9
GNOIE 12
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Lesson 7. Systems of Linear Equations

—[ The Substitution Method and the Addition Method (the Elimination Method) ]—
A system of linear equations of two variables consists of two equations. A solution of a system

of linear equations of two variables is an ordered pair that satisfies both equations.

Substitution Method

Example 7.1. Solve the system of linear equa-
tions using the substitution method.

x+y=3 (1)

2x +y =4 (2)

Solution:

Step 1. Solve one variable from one equation.
For example, one may solve y from equation (1).
y=3—x.

Step 2. Plug y = 3 — x into the second equation

and solve for x.
2x+B—x)=4
x+3=4
x =1
Step 3. Plug the solution x = 1 into the equa-
tion in Step 1 to solve for y.
y=3—-x=3-1=2
Step 4. Check the proposed solution. Plug (1, 2)
into the first equation:
14+2=3.
Plug (1, 2) into the second equation:
2:-14+2=4.

Elimination Method

Example 7.2. Solve the system of linear equa-
tions using the addition method.

S5x +2y =7
3x—y =13

(1)
(2)
Solution:

Step 1. Eliminate one variable and solve for the
other. For example, one may choose to eliminate
y. In order to eliminate y, we add the opposite.
We multiply both sides of the second equation
by 2 to get the opposite —2y.

2(3x) — 2y = 2(13)

6x —2y =26 (3)
Adding equations (1) and (3) will eliminate y.
S5x +2y =7
+ 6x —2y =26
11x +0 =33
x=3

Step 2. Find the missing variable by plugging
x = 3 into the first equation and solve for y.

5:-3+2y =7
1542y =7
2y = -8
y=-—4

Step 3. Check the proposed solution.
(3,—4) into the first equation:
5.34+2-(—4)=15-8=17.
Plug (3, —4) into the second equation:
3.3—(—4) =9+4=13.

Plug

Note: A linear system may have one solution, no solution or infinitely many solutions.

If the lines defined by equations in the linear system have the same slope but different y-intercepts
or the elimination method ends up with 0 = ¢, where ¢ is a nonzero constant, then the system has
no solution.

If the lines defined by equations in the linear system have the same slope and the same y-intercept
or the elimination method ends up with 0 = 0, then the system has infinitely many solutions.
In this case, we say that the system is dependent and a solution can be expressed in the form

(x, f(x)) = (x,mx + b).

13 OndS,
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Lesson 7. Systems of Linear Equations

Practice 7.1. Solve.
2x—y =28

—3x -5y =1

Practice 7.3. Solve.
—x —5y =29
Tx + 3y = —43

Practice 7.5. Solve.
2x+ Ty =5
3x +2y =16

Practice 7.7. Solve.
3x+2y =6
6x +4y =16

(1+xEw) g2
(1'¢—) ¥2
©

Practice 7.2.

Practice 7.4.

Practice 7.6.

Practice 7.8.

uonnos ou ;-
(S—‘v—) €2
14

Solve.
x +4y =10
3x =2y =—12

Solve.
2x 4+ 15y =9
x—18y =-21

Solve.
4x +3y =—-10
—2x + 5y =18

Solve.
2x —3y =—6
—4x + 6y =12

(1I-'9) g2

(Tv—) 92
' (T—¢) 12

(€c) T2
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Lesson 8. Factoring Review

{ Factor by Removing the GCF }

The greatest common factor (GCF) of two terms is a polynomial with the greatest coefficient and
of the highest possible degree that divides each term.
To factor a polynomial is to express the polynomial as a product of polynomials of lower degrees.
The first and the easiest step is to factor out the GCF of all terms.
Example 8.1. Factor 4x3y — 8x2y2 4 12x3y3.
Solution: Step 1. Find the GCF of all terms. The GCF of 4x3y, —8x2y2 and 12x%y3 is 4x2y.
Step 2. Write each term as the product of the GCF and the remaining factor.

4x3y = (4x%y) - x, —8x2y? = (4x2%y) - (=2y), and 12x*y3 = 3x2y2.
Step 3. Factor out the GCF from each term.

4x3y —8x2y? + 12x3y3 = 4x2y - (x — 2y + 3x2y?).

- [ Factor a Four-term Polynomial by Grouping }

For a four-term polynomial, in general, we will group them into two groups and factor out the GCF
for each group and then factor further.

Example 8.2. Factor 2x2 — 6xy + xz — 3yz. Example 8.3. Factor ax + 4b —2a — 2bx.
Solution: Solution:

Step 1. Group the first two terms and the last Step 1. Group the first term with the third term
two terms. and group the second term and the last term.

2x% —6xy + xz —3yz
=(2x% — 6xy) + (xz — 3yz)
Step 2. Factor out the GCF from each group.
=2x(x —3y) +z(x —3y)
Step 3. Factor out the binomial GCF.
=(x —3y)2x + 2).

ax +4b —2a —2bx
=(ax —2a) + (—2bx + 4b)
Step 2. Factor out the GCF from each group.
=a(x —2) + (=2b)(x —2)
Step 3. Factor out the binomial GCF.
=(x —2)(a — 2b).

- { Factor Binomials in Special Forms }

Difference of squares: Sum of Cubes: Difference of cubes:
a’> —b%> = (a—b)(a +b). a’ + b3 = (a+ b)(a* —ab + b?). a®>—b3 = (a —b)(a® + ab + b?).
Example 8.4. Factor 25x2 — 16. Example 8.5. Factor x3 +27. Example 8.6. Factor 125x3 — 8.

Solution: Solution: Solution:
Step 1. Recognize the bino- Step 1. Recognize the bino- Step 1. Recognize the bino-
mial as a difference of squares. mial as a sum of cubes. mial as a difference of cubes.
25x2 — 16 x3 427 125x% — 8
=(5x)% — 42 =x3 433 =(5x)3 =23
Step 2. Apply the formula. Step 2. Apply the formula. Step 2. Apply the formula.
—(5x — 4)(5x + 4). =(x + 3)(x% — 3x + 3?) =(5x — 2)((5x)* + 2(5x) + 22)
=(x +3)(x2 —3x +9). =(5x —2)(25x% 4 10x + 4).
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Lesson 8. Factoring Review

Practice 8.1. Factor out the GCF.

(1) 18x2y2 —12xy3 —6x3y* (2) 5x(x=7) +3y(x—=17)
(de+x9)(L—%) (2 T'8 (€T + x¢ — (A X)4x9— (1) T'8
Practice 8.2. Factor by grouping.
(1) 12xy — 10y + 18x — 15 (2) 12ac — 18bc — 10ad + 15bd (3) 5ax —4bx — 5ay + 4by
(g —v5)(L —x) (€) '8 (ps—29)(9c —v2) (2) T8 (€+ 40)(s—x9) (1) 28
Practice 8.3. Factor completely.
(1) 25x%2 —4 (2) 8x3—27 (3) 12593 +1
(1 + 45— 46 (1 + 49) (€) €8 (6 + X9+ Xp)(€ —x7) (2) €8 (T+x5)(T—x9) (1) ¢'8

Practice 8.4. Factor completely.
(1) 27x* + xy3 (2) 16xy3 —2x* (3) x3+3x2—4x—12

(€E+X)@CT+)CT—%) (T8 (X+AXT+ AP (X —4Y)xT (2) 78 (4 + x¢ — x6) (4 + x¢)x (T) '8
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Lesson 9. Solve Quadratic Equations by Factoring

{ Factor Trinomials }

If a trinomial Ax? 4+ Bx + C can be factored, then it can be expressed as a product of two binomials:
Ax? 4+ Bx 4+ C = (mx +n)(px + q).
By simplify the product using the FOIL method and comparing coefficients, we observe that

A= mn B= mqg + np C = ng
— —— —— ——
F o + I L
The observation suggests the following strategy called the method of undetermined coefficients.
Example 9.1. Factor x2 + 6x + 8. Example 9.2. Factor 2x? + 5x — 3.
Solution: Solution:
Step 1. Factor 4 = 1: Step 1. Factor A = 2:
1=1-1. 1=1-2.
Step 2. Factor C = &: Step 2. Factor C = —3:
8=1-8=2-4. -3=1-(-3)=(-1)-3.

Step 3. Choose a proper combination of pairs Step 3. Choose a proper combination of pairs of
of factors and check if the sum of cross product factors and if the sum of cross products equals

equals B = 6: B =25:
1-44+1-2=6. 2:34+1-(-1)=5.
This step can be checked easily using the follow- This step can be checked easily using the follow-
ing diagram. ing diagram.
A=1=1-1 C=8=2-4 A=2=1-2 C=-3=3-(-1
——— ! 3
1 4 N >< 1
1:2 + 1-4 =6=28B 2.3 + 1-(=1) =5=28

Step 4. Fagtor the trinomial Step 4. Factor the trinomial
XTHox+8=(x+2)(x+4. 202 +6x —3 = (x 4+ 3)(2x — 1).

The following example shows how to factor a certain higher degree polynomial by substitution.
Example 9.3. Factor the trinomial completely.

4x* —x2 -3
Solution:
Step 1. Let x2 = y. Then 4x* —x2 —3 = 4y2 —y — 3.
Step 2. Factor the trinomial in y: 4y2 —y —3 = (4y + 3)(y — 1).
Step 3. Replace y by x? and factor further.

4x* —x?—3=4y2 -y -3

=M@y+3)(y-1

= @4x2+3)(x*-1)

= (4x% +3)(x = D(x + 1.

17 OndS,
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Lesson 9. Solve Quadratic Equations by Factoring

[ Solving a Quadratic Equation by Factoring }

A quadratic equation is a polynomial equation of degree 2, for example, 2x% + 5x —3 = 0. The
standard form of a quadratic equation is

ax?+bx +c =0,
where a, b and ¢ are numbers, and a # 0.
To solve a quadratic equation, we may first factor the polynomial and then apply the zero product
property:

A-B=0 if and only if A=0 or B=0.

Example 9.4. Solve the equation Example 9.5. Solve the equation
2x2 4 5x = 3. (x—=2)(x +3) = —4.
Solution: Solution:
Step 1. Rewrite the equation into “Expres- Step 1. Rewrite the equation into “Expres-
sion=0" form and factor. sion=0” form and factor.
2x2 +5x =3 (x=2)(x +3)=—4
2x% +5x—3=0 24 x—6=—4
Qx—1)(x+3)=0 x24+x—-2=0
Step 2. Apply the zero product property. x=—1D(x+2)=0
2x—1=0 or x+3=0. Step 2. Apply the zero product property.
Step 3. Solve each equation. x—1=0 or x+2=0.
2x—1=0 or x+4+3=0 Step 3. Solve each equation.
2x =1 x=-3 x—1=0 or x+2=0
x=% or ‘= 3 x=1 or x=-2

Step 4. The solution set is {—2, 1}.
Step 4. The solution set is {3, 1}.

{ Applications of Quadratic Equations }

Example 9.6. A rectangular garden is sur- pressions in x and build an equation.
rounded by a path of uniform width. If the di- Total Width: 2x+10 Total Length: 2x+16
mension of the garden is 10 meters by 16 meters Width x Length=Total Area:

and the total area is 216 square meters, deter- (2x + 10)(2x + 16) = 216.

mine the width of the path.

Step 2. Solve the equation.
(2x + 10)(2x + 16) = 216
4x% + 52x + 160 = 216
lex 16 ol 4x2 4+ 52x —56 =0
x2+13x—14=0
x+14)x-1)=0

x=—-14 or x=1
Step 3. So the width of the path is 1 meter.

Solution:

Step 1. Suppose that the width of the frame is
x meters. Translate given information into ex-

@roe
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Lesson 9. Solve Quadratic Equations by Factoring

Practice 9.1. Factor the trinomial.
(1) x2+4x +3 (2) x24+6x—7 (3) x2—-3x—10 (4) x2—-5x+6

E—0@C—2) ®H16 @C+0)E—2©O16 CL+T-% @16 (E+0+X) (I)T16

Practice 9.2. Factor the trinomial.
(1) 5x2+7x +2 (2) 2x2+5x—12 (3) 3x2—10x —38 (4) 4x2—12x+5

G—x0(0—x0) # 6 @+xOF—x) (926 (E—xDF+x (@26 @C@+x9)0+x) (1)Z6

Practice 9.3. Solve the equation by factoring.
(1) x2-3x+2=0 (2) 2x2-3x =5 B) x—Dx+3)=5

{29} (€) €6 -l @e¢e6 T (mee

Practice 9.4. A paint measuring 3 inches by 4 inches is surrounded by a frame of uniform width. If
the combined area of the paint and the frame is 30 square inches, determine the width of the frame.

SAPUT [ §°6

Practice 9.5. A rectangle whose length is 2 meters longer than its width has an area 8 square meters.
Find the width and the length of the rectangle.

"SI9VW § {ISUI]  SIRW T IPIM S'6

Practice 9.6. The product of two consecutive negative odd numbers is 35. Find the numbers.

‘¢— pue L— ode Sloquunu 9] 96
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Lesson 10. Multiply or Divide Rational Expressions

{ What is a Rational Expression and How to Simplify It? }

A rational expression is a fraction i, where the numerator p and the denominator ¢ are both

polynomials and the degree of ¢ is nonzero.
A rational expression is simplified if the numerator and the denominator have no common factor
other than 1.

If p, g and ¢ are polynomials with ¢ # 0 and ¢ # 0, then pPe _ i.
x24+4x +3 7¢ 1 2x2—x-3
Example 10.1. Simplify ——+——. Example 10.2. Simplify —————.
P b y)cz—i-3)c—i-2 P P Y X2 355

Solution: Solution:

Step 1. Factor both the top and the bottom. Step 1. Factor both the top and the bottom.
x2+4x+3 (x4 D(x+3) 2x2—x—-3  (x+1(2x—-3)
x24+3x+2 (x+D(x+2) 2x2-3x -5 (x+1DQ2x—-5)

Step 2. Divide out common factors. Step 2. Divide out common factors.

(x+Dx+3) x+3 (x+D@2x-3) 2x-3
(x+Dx+2)  x+2 (x+1)Q2x—-5) 2x-5

[ How to Multiply Rational Expressions? }

If p, g, s, t are polynomials with ¢ # 0 and ¢ # 0, then

p s _ps
q gt
Example 10.3. Multiply and then simplify. Example 10.4. Multiply and then simplify.
3x2 x2 -4 3x2—-8x—3 x2—-16
X24x—6 6x X2 +8x+16 5x2—14x—3
Solution: Solution:
Step 1. Factor numerators and denominators. _Bx+ D=3 (k+Hhx -4
3x2 ¥2 4 3.y x (x —2)(x +2) x+4Hx+4) OGx+1D(x—-3)
x2+x—6 6x :(x—2)(x+3). 2-3-x =(3X+I)MM(X_4)
Step 2. Multiply and simplify. LeA4) (x +4)(5x + D (x—3)
Boxox-(x—27(x+2)  x(x+2) _Bx+Dx—4)
(21 (x +3):2-3-x _ 2(x+3) (X +HGx+1)
- { How to Divide Rational Expressions? }

If p, q, s, t are polynomials where g # 0, s # and ¢ # 0, then
p .S p t _ pt

g 't g9 s qs
Example 10.5. Divide and then simplify.
2x+6  6x—2

x2—6x—-7  2x2—-x-3

Solution:
Step 1. Rewrite the division as a multiplication.
2x+6 . 6x—-2  2x+6 2x2—x-3
x2—6x—7 2x2—x—-3 x2—6x—-7 6x—2
Step 2. Factor and simplify.

2x + 6 .2x2—x—3 o 2(x+3) _(x+1)(2x—3) 2+ 3)(x+D2x—-3)  (x+3)2x -3

x2—6x—7 6x—2  (x+D(x-7 2Bx-1) 2+ Dx-7Gx—-1 (x-7)(Bx—-1
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Lesson 10. Multiply or Divide Rational Expressions

Practice 10.1. Simplify.
3x2—x—4 2x2—x-3
1) —— (2) 32 L Ae 1
x+1 2x* +3x + 1
LYY ) 1ot
¢+ Xx

Practice 10.2. Multiply and simplify.
xX+5 x>+3x—4
(1) (2)

3x2—2x 3x2—4x—4

I +XC

y—x¢ (1) T0I
o (D 10

(@ 10T

6y —2 y2—6y+9
3) y Yy y

x+4  x2-25 x+2 9x2 —4 3—y 3y2—y
q T+ x C—Xx
———— (€) 201 ——— (@) 201 1) ¢0T
c-0z © c-nx @ —x
Practice 10.3. Divide and simplify.
9x2—-49 3x2—x—14 x24+3x—10 x2-5x+6 —x  x2—y?
(1) - (2) ) 3) 2 + 2y
6 2x + 4 2x —2 x—4x+3 Xy y
(€ + x)x © ¢ _ _
< €) €01 9+X(Z)€OI ¥+ x¢ (D) €01
A Concise Workbook for College Algebra 21



Lesson 11. Add or Subtract Rational Expressions

{ Add or Subtract Rational Expressions with the Same Denominator }

If P, O and R are polynomials with R # 0, then
P P P P —
R R R R R R
x24+4 5x
Example 11.1. Add and simplif .
xamp ! plyx2+3x+2+x2+3x+2

Solution:

Step 1. Determine if the rational expressions have the same denominator. If so, the new numerator
will be the sum/difference of the numerators.

x2 44 5x _x2+5x+4
x2+3x+2+x2+3x+2 X2 43x 42
Step 2. Simplify the resulting rational expression.
x2+5x+4  (x+D(x+4) x+4
¥24+3x4+2 (x+DE+2 x+2

{ Add or Subtract Rational Expressions with Different Denominators }

To add or subtract rational expressions with different denominators, we need to rewrite the rational
expressions to equivalent rational expressions with the same denominator, say the LCD.

Step 1. Find the least common denominator (LCD).

Step 2. Rewrite each rational expression into an equivalent rational expression with the LCD as
the new denominator.

Step 3. Add or subtract the resulting rational expressions and simplify.

3 6
Example 11.2. Find the LCD of and .
x2—x—6 x2 -4

Solution:
Step 1. Factor each denominator.

x2—x—6=(x+2)(x—3) X2 —4=(x-2)(x+2)
Step 2. List the factors of the first denominator  First list (x+2) | (x=3)
and add unlisted factors of the second factor to  Second list | (x 4 2) (x—=2)
get the final list. Finallist | (x+2) | (x=3) | (x—2)
Step 3. The LCD is the product of factors in the final list.

(x+2)(x =3)(x —2).

Example 11.3. Subtract and simplify

-3 1
x2—2x—8 x2—4
Step 1. Find the LCD. First list (x +2) (x —4)
x2—2x—8=(x +2)(x —4) Second list | (x +2) | (x —2)
x2—4=(x—2)(x +2) Finallist | (x+2) | (x—2) | (x—4)

The LCDis (x + 2)(x —2)(x — 4).
Step 2. Rewrite each rational expression into an equivalent expression with the LCD as the new

denominator. v —3 o (x —3)(x —2) (x —4)
x2-2x—8 x2—-4 (x+2)(x—-2)(x—4) (x+2)(x—2)(x—4)
Step 3. Subtract and simplify.
(x—3)(x—2)—(x—4)_(x2—5x+6)—(x—4)_ x2 —6x + 10

x+2)(x—=2)(x—4)  (x+2)x—-2(x—-4)  (x+2(x—-2)(x—4)

9 22
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Lesson 11. Add or Subtract Rational Expressions

Practice 11.1. Add/subtract and simplify.

x24+2x—2 5x + 12 3x—10 2x—15
1) > + @) 5512
x*+2x—-15 x+2x-15 x< =25 x¢-=-25
ot X v
I SO TITI It x ITTIT
Practice 11.2. Find the LCD of rational expressions.
(1) 2x and ! (2) ) and 2
2x2 —5x —3 x2—-x—6 7x2 —28x x2—8x+16
F—0xL (2) 1T T+)(€—00+x0) ()11
Practice 11.3. Add and simplify.
X x—1 x+2 1 4 3x —2
1 2 3
()x+1+x+2 ()2x2—x—3+x2+3x+2 ()x—3+x2—x—6
(T+2)(€—x) (€—x0(+ (1 + %) T+ 91+ x)
— (9 €11 (@ €11 ———— (DEII1
9+ xL [+ X9+ .x [ —XT+ X
Practice 11.4. Subtract and simplify.
3x+5 3 7 2x —3 xX+2
D = B @) —3 : T2 @B = )
xc=Tx+12 x-3 y—=5y—6 y*—4y -5 x*+3x—-10 x*4+2x-28

C+VG+0E=0 I+ 06-00-0 €-0G-
t—xg— g OFI G+ @F S
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Lesson 12. Complex Rational Expressions

{ Simplify Complex Rational Expressions ]

J
A complex rational expression is a rational expression whose denominator or numerator contains
a rational expression.

A complex rational expression is equivalent to the quotient of its numerator by its denominator.
That suggests the following strategy to simplify a complex rational expression.

Step 1. Simplify the numerator and the denominator.

Step 2. Rewrite the expression as the numerator multiplying the reciprocal of the denominator.
Step 3. Multiply and simplify.

Example 12.1. Simplify

2x—l+x—1
x2—-1 x+1
x+1 1

x—1 x2-1
Step 1. Simplify the numerator and the denominator.

2x —1 x-—1 2x —1 x—1Dx-1) Cx—D+x—-Dx—-1)
o1 x4l _ @-Da+D  G-Da+D _ @-Da+D
x+1 1 C(x+D(x+1) 1 o x+Dx+1)—1
x—1 x2-1 x=—Dx+1) Gx=Dkx+1) (x—D(x+1)
Qx—1)4+ (x2—=2x+1) x2
x—Dx+1 _ (x=Dx+1)
(xX2+2x+1)—1 x2 +2x
x—Dx+1 x—Dx+1
Step 2. Rewrite as a product.
X2
x-DEx+1 _ x? (x—D(x+1)
x2 4 2x T (k=D +1)  xZ+2x
x=Dx+1
Step 3. Multiply and simplify.
x2 x—D(x+1) XX (x—Dx+1) XX (x = DHx=FT) X
G-—Dx+1) x242x  @x-DE+1)  xx+2  x@x+)Ex—D&FD  x+2
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Lesson 12. Complex Rational Expressions

Practice 12.1.
2
1+ —
X
ny —3
1—-=
X

Simplify.

Practice 12.2. Simplify.
x2 = y2

y
M ——

1
Xy

Practice 12.3. Simplify.
5x

x2—x—6
(1) 2 3

+x—3

x+2

X2
x2 x
I+x (@121
2 1
x+D2 x+1
@ =y
(x +1)2
€—X
— (@l
!
x+1 x—1
x—1 x+1
2 x+1 x-—1
x—1 x+1
4 )
T+ (¢) €ct
25
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Lesson 13. Rational Equations

{ Solve Rational Equations by Clearing Denominators }

A rational equation is an equation that contains a rational expression.
One idea to solve a rational equation is to reduce the equation to a polynomial equation by clearing
denominators, that is multiplying the LCD to both sides of the equation.

Step 1. Find the LCD.
Step 2. Clear denominators by multiplying the LCD to both sides.
Step 3. Solve the resulting polynomial equation.

Step 4. Check if there is an extraneous solution which is a solution that would cause any of the
expressions in the original equation to be undefined.

Example 13.1. Solve
5 3 2

x2-9 x-3 x+3

Step 1. Find the LCD.

Since x2 — 9 = (x + 3)(x — 3), the LCD is (x + 3)(x — 3).

Step 2. Clear denominators.

Multiply each rational expression in both sides by (x + 3)(x — 3) and simplify:

(x+3)(x-=3)- 2

5 3
x2_9:(X+3)(X—3)‘m—(x+3)()€—3)'m

5=3(x+3)—-2(x-3)

Step 3. Solve the resulting equation.

5=3(x+3)—2(x-3)

5=x+15

—10=x
Step 4. Check for any extraneous solution by plugging the solution into the LCD to see if it is zero.
If it is zero, then the solution is extraneous.
(=10 +3)(=10—3) £ 0

So x = —10 is a valid solution of the original equation.

Example 13.2. Solve for x from the equation

1 1 1
— 4 — =,
x y z
Step 1. The LCD is xyz.
Step 2. Clear denominators.
1 1 1
XyzZ+-—+XyzZ-— =XyzZ-—
X y z
yzZ+xz=2Xxy
Step 3. Solve the resulting equation.
yz+xz=2xy
yZ =Xy —Xxz
yz=x(y—z)
yz
y—z
L yz
Step 4. The solution is x = .
y—2Z
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Lesson 13. Rational Equations

Practi(lze 13.1. Solve.
1 =
()x+1+x—1 x2 -1

Practice 13.2. Solve.
@ =1 2

X2 4+2x—8 x—2 x+4

30
2)

3

2

L=X () TEI

@) 3x

2x

225 x45 x_5

42

L—=X109— =X (2) ¢'CT

Practice 13.3. Solve a variable f{om a formula.

(1) Solve for f from — 4+ — =
p q
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-y _
7 =X (2) €€1
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(2) Solve for x from A =

x—5:x+1_x2—4x—5

X

f+ex

c=x (T¢I

€= (D) TET

h+d
—— =/ (D¢€T



Lesson 14. Radical Expressions: Concepts and Properties

{ Radical Expressions }

If b2 = a, then we say that b is a square root of a. We denote the positive square root of a as /a,
called the principal square root.
For any real number a, the expression v a? can be simplified as

va? = |al.
If b3 = a, then we say that b is a cube root of a. The cube root of a real number « is denoted by
a.
For any real number «a, the expression Va3 can be simplified as

Va3 = a.

In general, if b = a, then we say that b is an n-th root of a. If n is even, the positive n-th root of «,
called the principal n-th root, is denoted by “/a. If n is odd, the n-the root %4/a of a has the same
sign with a.

In %/a, the symbol ./ is called the radical sign, a is called the radicand, and n is called the index.
If n is even, then the n-th root of a negative number is not a real number.

For any real number a, the expression 4/a” can be simplified as

1. %/a" = |al|if n is even.

2. Xa™ = aif n is odd.

Example 14.1. Simplify the radical expression using the definition.

(1) Va(y —1)2 (2) 3/—8x3y®

Solution:

1) V4 -D2= V20 -DP2 =2y -1

(2) 3/-8x3y6 = /(—2xy2)2 = —2x)>2.

- [ Definition and Properties of Rational Exponents } <

If %/a is a real number, then we define an as
an = NVam = (Ya)".

Rational exponents have the same properties as integral exponents:
m

—_—

1. am.q" = am+n 2. a— =qgm " 3. a_% = m
am an

a\m a
4. mn = q™mn 5. b)y" =a™.-p" 6. (=) =—
@) =a (aby" =a (5) =%

Example 14.2. Simplify the radical expression or the expression with rational exponents. Write
in radical notation.

(1) V3 Va2 @ YV 3) (T)
Solution:

1)
ﬁi/xz :x%x% = x%+% :x% =X 6\/;
(2)

VY3 = (Vad)s = [(x3)2]F = 2305 =x2 = Jx
3)
(”5) _ ehebyb = b o byl o xd = 33
X 6
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Lesson 14. Radical Expressions: Concepts and Properties

Practice 14.1. Evaluate the square root. If the square root is not a real number, state so.

(1) =16 (2) \/% (3) V9 + V49 4) —v/—1
Wqunu [eareiou () 141 01 (§) I'¥1 S @Q1¥l p— (D TF1

Practice 14.2. Simplify the radical expression.

M) VD2 Q) Jx+2)2 0 (3) V25x2y6 (@) V=27x3  (5) Viex8  (6) Y(2x—1)°

[=XC (9 TFL  XCT (9 TFL  X¢— B P ledxsl (©) 2¥T e+ (@QFT L (1) TFI

Practice 14.3. Write the radical expression with rational exponents.

(1) V/(2x)3 (2) (V3xy)’

s(dxg) () €FT £(x0) (D €T
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Lesson 14. Radical Expressions: Concepts and Properties

Practice 14.4. Write in radical notation and simplify.
(1) 43 (2) —813

LT— @) ¥l 8 (D ¥¥l

Practice 14.5. Simplify the expression. Write with positive rational exponents. Assume all variables
represent nonnegative numbers.

1
12x2
(1)

2
4x3

1

(2) (x"3y2)3

N
=

9X

L
€

|‘_“

(@ SPI (D) SPI

—lo
=~

Practice 14.6. Simplify the expression. Write in radical notation. Assume all variables represent
nonnegative numbers.

(1) 4/T6a12)2 2) % 3) Vx @) VX x

"
=

9X
Q) 9F1 ‘? (1) %1

|'-“

A QIFT XN (99FT XA B IFL 4/ erT (8) 9P

@roe

—lo
~
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Lesson 15. Algebra of Radicals

{ Product and Quotient Rules for Radicals }

If %/a and /b are real numbers, then

n/a /b = Vab.
If “/a and /b are real numbers and b # 0, then

Va  fa
Example 15.1. Simplify the expression.
5
4 43/7.7 \/96x°y3
(1) V8xy*3/2x7y. 2) —W

Solution:
) 8xy* Y27y = VBoh) - @x7y) = Viedys = Y2y =2y u.

5 /96x9y3
@ Y= VEEL = Ax10)2 = (2x2)7 )2 =242 )2,

| Add/Subtract by Combining Like Radicals |

Two radicals are called like radicals if they have the same index and the same radicand. We add or
subtract like radicals by combining their coefficients.

Example 15.2. Simplify the expression.
VBxT — /(224 + Vax
Solution:

V8x (=2)2x* + V2x5 = 2x/2x — 2x% + x%2V2x = (x? + 2x)V2x — 2x2.

{ Multiplying Radicals with Two or More Terms }

Multiplying radical expressions with many terms is similar to that multiplying polynomials with
many terms.

Example 15.3. Simplify the expression.
(V2x 4 2% (v2x = 3/%).
Solution:
(V2x + 2/x)(V2x = 3/x) = V2x - V2x = 3J/x - V2x +2/x - V2x — 6/x - /x
= 2x —3xV2 + 2xV2 — 6x = —4x —x/2 = —(4 + V2)x.

{ Rationalizing Denominators }

Rationalizing denominator means rewriting a radical expression into an equivalent expression in
which the denominator no longer contains radicals.

Example 15.4. Rationalize the denominator.

1 Xty
D 7= @ 5=
Solution:
(1) In this case, to get rid of the radical in the bottom, we multiply the expression by % so that
1L _ 1 Ax X X

the radicand in the bottom becomes a perfect power. W RV e iyl Tk

(2) In this case, we use the formula (a — b)(a + b) = a? + b?. Multiply the expression by gig
X+ Y (VX + /9)? _ Xty
VX=X =D+ x—y
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Lesson 15. Algebra of Radicals

Practice 15.1. Multiply.

(1) V435 (2) Vx+7Vx -7 (Assume that x > 7.)
6v — XN (Q) T'ST 0/ (D) T'ST
Practice 15.2. Simplify the radical expression. Assume all variables are positive.
1) 50 (2) 3/—8x2y3 (3) 3/32x12y2z8
(4) /20xy - /4xy? (5) V16-5Y2 (6) 3/8x4y3z3. 3/8xy4z8
ZehT/t 274xT (9) ST v/ 0L (9) Z'sT LM hxy () ST
eZedeX /Y Z7XT (€) T'ST N AT (@) TSt [ EAS
Practice 15.3. Add or subtract. Assume all variables are positive. Answers must be simplified.
(1) 546+ 36 (2) 4420-2+/5 (3) 34/32x2 + 5x4/8
(4) 74/4x2 4+ 2/25x — J/16x (5) 53/x2y + 3/27x5y4 (6) 3,/9y3 -3y /16y + /25y3
LM AT (9) €T Agx /s (dxg +6) () €761 XN+ XpT (F) €61
YNMXTT (¢) €1 S/ (@) €sT 98 (D €T
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Lesson 15. Algebra of Radicals

Practice 15.4. Divide. Assume all variables are positive. Answers must be simplified.

w2 @ 332 (3 Y40 () Y2ah
y8 X V2x 3b
q:vT () ¥'S1 S/NeXT (€) ST /v X (Q) ¥'ST ﬁ (1) <1
Practice 15.5. Multiply and simplify. Assume all variables are positive.
(1) V23343 =2v2) (2) (V34 VT)(BV5 =27 (3) (V3 + 2)?
4) (V6 —V3)(V6+ V5) G) (VxFI-DWx+1+1) (6 QYx+6)(Yx+1)
9+ X/t 8+ XAT (9) §'ST X (S) §ST I (B) ST
INrTHS () T SENMHT (@) gsT v —9/M€ (1) ¢St

Practice 15.6. Simplify the radical expression and rationalize the denominator. Assume all variables
are positive.

3 X X
W 32 2 /2= G 5 @) T
6+/3 V5-J/3 3+4/2 2
=) © v 0355 ® A7

MQ%EM ®9S1T M —EfrE-NTEY (osT SIMTY (99sT £rET6 (9 96T

_4 . 4 . 4L . S .
axfe () 9ST txef (€) 9°ST rir (@) 9CT oy (D9ST
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Lesson 16. Solve Radical Equations

{ Solve Radical Equations by Taking the n-th Power }

The idea to solve a radical equation /X = a is to first take n-th power of both sides to get rid of
the radical sign, that is X = ¢” and then solve the resulting equation.
Note: In general, before applying the above idea, a radical expression has to be isolated first.

Example 16.1. Solve the equation x — v/x + 1 =

Solution:

Step 1. Arrange terms so that one radical is iso-
lated on one side of the equation.

x+1

Step 2. Square both sides to eliminate the
square root.

x—1=

x—1)%?=x+1
Step 3. Solve the resulting equation.
x2—2x+1=x+1
x2-3x=0

x(x—=3)=0

1.

x—3=0

x=3

x=0 or

x=0 or
Step 4. Check all proposed solutions. Plug
x = 0 into the original equation, we see that the
left hand side is 0—+/0 + 1 = 0—+/1 = 0—1 = —1
which is not equal to the right hand side. So
x = 0 cannot be a solution.

Plug x = 3 into the original equation, we see
that the left hand sideis 3 — /3 + 1 =3 — V4 =

3—2=1.So x = 3is a solution.

Example 16.2. Solve the equation vx —1—+/x —6 = 1.

Solution:

Step 1. Isolated one radical.
Vx—1=+/x—-6+1

Step 2. Square both sides to remove radical sign
and then isolate the remaining radical.

x—1=(x—-6)+2Vx—-6+1
x—1=x—-542/x—-6

4 =2/x—6
2=4+x—6.

Step 3. Square both sides to remove the radical
sign and then solve.

Vx—6=2
x—6=4
x = 10.

Since 10— 1 >0and 10 —6 > 0, x = 10 is a valid
solution. Indeed,

VIO—1-V10—6=vV9-V4=3-2=1.

Example 16.3. Solve the equation —2 /x — 4 = 6.

Solution:

Step 1. Isolated the radical.

Vx—4=-3
Step 2. Cube both sides to eliminate the cube
root and then solve the resulting equation.

x—4=(=-3)3
x—4=-=-27
x =23

The solution is x = 23.

@roe
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Lesson 16. Solve Radical Equations

Practice 16.1. Solve each radical equation.

(1) V3x+1=4 (2) V2x—=1-5=0
B) Vosx+1=x+1 “4) x=43x+7-3
B) Vex+T—x=2 6) Vx+2++/x—-1=3
(7) Vx+5-V/x-3=2 8) 333x-1=6
€E=X(8) 191 =X (2) 191 C=X (9191 €=XI0[—=X () T9T
[-=XI0C—=X (§) 191 E=XI00=X (¢) 191 el =X (2191 =X (D191
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Lesson 17. Complex Numbers

{ Complex Numbers }

The imaginary unit i is defined as i = +/—1. Hence i2 = —1.
If b is a positive number, then ~/—b = iv/b.
Let ¢ and b are two real numbers. We define a complex number by the expression a + bi. The
number « is called the real part and the number b is called the imaginary part. If » = 0, then the
complex number a + bi = a is just the real number. If 5 # 0, then we call the complex number
a + bi an imaginary number. If « = 0 and » # 0, then the complex number a + bi = bi is called a
purely imaginary number.
Adding, subtracting, multiplying, dividing or simplifying complex numbers are similar to those for
radical expressions. In particular, adding and subtracting become similar to combining like terms.
Example 17.1. Simplify and write your answer in the form a + bi, where a and b are real numbers
and i is the imaginary unit.
1) V-3v-4 (2) (4i-3)(=2+1) (3) =%t 4 5 (5) 12018
Solution:
(1)
V3V—4 =iV VA =1 V3.2= 243,
(2)
AH-3)(2+i)=4i-(-2)+4i-i+(-3)-(-2)+(-3)-i
=—-8i+ (—4)+ 6+ (-31) =2—-11i
(3)

2451 (=2+5D)i 20458
i - i-i - iz
-2i—-5 ]
= T =5+ 21
(4)
- (1 + 2i) 1+ 2i
1—2i  (1-2D)(1+20) 11— ()2
_ 14212,
5 5 57
(5)
i2018 — i4~504+2 — (i4)504 . i2 = _1.
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Lesson 17. Complex Numbers

Practice 17.1.

) V2. V=3

(3) (5—2i) + (3 + 3i)

(5) 3 +1i)(4+ 5i)

(7) 3 —xv/=1)B+xv/—1)

ICI+S— (9 T'21
101 + 01— ®) 121

Practice 17.2. Divide the complex number and write your answer in the form a + bi.

6+ X ()11
T+8 (§) T'Z1

2i 5-2i

(1) (2)

3)

1+1i 342

E+i- @z

0L , 01 :
mr t e (O

Practice 17.3. Simplify the expression.

(1) (—i)8 () i's

- (%)

A Concise Workbook for College Algebra

(3) i2017

I (€)
37

4) (2 + 6i) — (12 — 4i)

(6) (7 — 2i)(—3 + 6)

8) (2 + 3i)?

By +6— (9 121

LR WA

447
—3i

4)

- (2)

Add, subtract, multiply complex numbers and write your answer in the form a + bi.

(2) V2-/-8

ol +L (S) T'Z1

M= (D TLT
I+1 ()21
I (1)

)



Lesson 18. Complete the Square

[ The Square Root Property }

Suppose u is an algebraic expression and d is a real number. If u2 = d, then u = v/d or u = —Vd.

{ Complete the Square }

2
For a binomial x? + bx, one can obtain a perfect square trinomial by adding (%) :

b\?2 b\

2
b — = -] .
x+x—|—(2) (x+2)

This procedure is called completing the square.

[ Solve by Completing the Square }

Example 18.1. Solve the equation x2 +2x — 1 = 0.

Solution:
Step 1. Isolate the constant.
x24+2x =1
Step 2. With » = 2, add (%)2 to both sides to complete a square for the binomial x2 + bx.

2 2
x? 4+ 2x + 2 =1+ 2
2 2
22
-] =141
(x+2) +

x+1)2=2
Step 3. Solve the resulting equation using the square root property.
x+1=+2 or x+1=-+2
x=-14++2 or x=-2-+2
Note that the solution can also be written as x = —1 + /2.
Example 18.2. Solve the equation —2x2 + 8x — 9 = 0.
Solution:
Step 1. Isolate the constant.
—2x24+8x =9
Step 2. Divide by —2 to rewrite the equation in x> + Bx = C form
9
x?—d4x =—=
2

Step 3. With b = —4, add (_74)2 = 4 to both sides to complete the square for the binomial x? — 4x.

9
x2—4x+4:—§+4

1

)2 = __
(x=2%=—
Step 4. Solve the resulting equation and simplify.
i i
X—2=— or x—2=-——
V2 V2
2 2
x=2+§i or x=2—§i

The solutions are x =2 + ‘/TEi.
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Lesson 18. Complete the Square

Practice 18.1. Solve the quadratic equation by the square root property.
(1) 4x%2 =20 (2) 2x2-6=0 3) x=32=10 (4) 4x+1)2+25=0

= FI-=x (§) T'ST OIN FE=X (€) T'ST EAF =X (2 T8I SAF=x () T8I

Practice 18.2. Solve the quadratic equation by completing the square.

(1) x2—6x+25=0 (2) x24+4x-3=0 (B) x2—-3x—-5=0
4) x24x—-1=0 (5) x248x+12=0 6) 3x24+6x—1=0
S F 1= (9) 281 - =X109- =X (g) 7’81 s = X (h) 281
Js%ps =X (¢ 81 LNFT—=X () 28l WFE€=X (1) 28I
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Lesson 19. Quadratic Formula

{ The Quadratic Formula }

The solutions of a quadratic equation in the standard form ax? + bx + ¢ = 0 with a # 0 are given
by the quadratic formula

‘- —b + Vb% —4ac
B 2a '

The quantity b? — 4ac is called the discriminant of the quadratic equation.

o If b2 — 4ac > 0, the equation has two real solutions.
o If b2 — 4ac = 0, the equation has one real solution.
o If b2 — 4ac < 0, the equation has two imaginary solutions (no real solutions).

Example 19.1. Determine the type and the number of solutions of the equation (x —1)(x +2) = —3.

Solution:
Step 1. Rewrite the equation in the form ax? + bx + ¢ = 0.

x-Dx+2)=-3
x24+x+1=0
Step 2. Find the values of a, b and c.
a=1,b=1landc = 1.
Step 3. Find the discriminant b2 — 4ac.
b* —4ac=1>—-4-1-1=-3.
The equation has two imaginary solutions.
Example 19.2. Solve the equation 2x% — 4x + 7 = 0.
Solution:
Step 1. Find the values of 4, b and c.
a=2,b=—4andc=7.
Step 2. Find the discriminant b2 — 4ac.
b —dac = (—4)? —4-.2.7 =16 — 56 = —40.
Step 3. Apply the quadratic formula and simplify.
L —bimz —(—4)iJ—_40=4i2Mi=1i@i
2a 2-2 4 2
Example 19.3. Find the base and the height of a triangle whose base is three inches more than
two times its height and has an area of 5 square inches. Round to the nearest tenth of an inch.

Solution:
Step 1. We may suppose the height is x inches. The base can be expressed as 2x + 3 inches.

Step 2. By the area formula for a triangle, we have an equation.

1
5x(2x +3) =5
Step 3. Rewrite the equation in ax? + bx + ¢ = 0 form.
x2x+3)=10
2x% +3x —10 = 0.

—3+4/32—-4-2:(—10)
22

Step 4. By the quadratic formula, we have x = = _34—”4“/@. Since x can not be
negative, x = #@ ~ 1.6 and 2x + 3 ~ 6.2.

The height and base of the triangle are approximately 1.6 inches and 6.2 inches respectively.
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Lesson 19. Quadratic Formula

Practice 19.1. Determine the number and the type of solutions of the given equation.
(1) x24+8x+3=0 (2) 3x2—-2x+4=0 (3) 2x2—4x+2=0

uonnyos eaI duQ (€) I'61 suonnpos Areurdewrt omI, (2) I°'61 SuonN(OS (231 oMT, (1) T°'61

Practice 19.2. Solve using the quadratic formula.

(1) x24+3x—-7=0 (2) 2x2 = —4x +5 (3) 2x2=x-3
— Y —x(®zer — L —x @6l — L —xmzer
EPTF I YIS F T LEN FE€—

Practice 19.3. A triangle whose area is 7.5 square meters has a base that is one meter less than triple
the height. Find the length of its base and height. Round to the nearest hundredth of a meter.

'SI9NAW €7'9 A Tgraq7= SI 958 ) PUE SINAW [T ~ Tgrrsy STIUSPY YL €61

Practice 19.4. A rectangular garden whose length is 2 feet longer than its width has an area 66 square
feet. Find the dimensions of the garden, rounded to the nearest hundredth of a foot.

"199J 61°6 ~ [ + L9/ STYISUI] 91 PUR 1] 61'L ~ | — L9/ STNPIM YL $61
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Lesson 20. Graphs of Quadratic Functions

{ The Graph of a Quadratic Function }

The graph of a quadratic function f(x) = ax? + bx + ¢, a # 0, is called a parabola.
A quadratic function f(x) = ax? + bx + ¢ can be written in the form f(x) = a(x — h)? + k, where

b b
h:—z andk:f(h):f(—z).

b
Step 1. Thelinex =h = ~% is called the axis of symmetry of the parabola.
a

b b
Step 2. The point (h,k) = (—2—, f (—2—)) is called the vertex of the parabola.
a a

[ Minimum and Maximum of a Quadratic Function }

Consider the quadratic function f(x) = ax? + bx +c¢, a # 0.

b
o If @ > 0, then the parabola opens upward and f has a minimum f (—2—) at the vertex.
a

b
e If a < 0, then the parabola opens downward and f has a maximum f (—2—) at the vertex.
a

[ Intercepts of a Quadratic Function |

J

Consider the quadratic function f(x) = ax? + bx + ¢, a # 0.
e The y-intercept is (0, f(0)) = (0,¢).
 The x-intercepts, if exist, are the solutions of the equation ax? + bx + ¢ = 0.

Example 20.1. Does the function f(x) = 2x? — 4x — 6 have a maximum or minimum? Find it.

Solution:
Step 1. Since a > 2, the function opens upward and has a minimum.

Step 2. Find the line of symmetry x = =2: x = % =1.

b.
2a°
Step 3. Find the minimum by plugging x = 1 into the function f. The minimum is f (—%) =
f(y=2—4—6=-8.

Example 20.2. Consider the function f(x) = —x2 + 3x + 6. Find values of x such that f(x) = 2.
Solution:
Step 1. Set up the equation for x.

—x2+3x+6=2
Step 2. Solve the equation —x2 + 3x + 6 = 2.
We get x = —1 or x = 4.
The values of x such that f(x) =2 are —1 and 4.
Example 20.3. A quadratic function f whose the vertex is (1,2) has a y-intercept (0, —3). Find the
equation that defines the function.
Solution:
Step 1. Write down the general form of f using only the vertex.
Quadratic functions with the vertex at (1,2) are defined by y = a(x — 1)? + 2, where a is a nonzero
real number.
Step 2. Determine the unknown ¢ using the remaining information.
Since (0,—3) is on the graph of the function, the number ¢ must satisfy the equation —3 =
a(0—1)2 +2.
Step 3. Solving for a from the equation, we get a = —5.
The quadratic function f is given by f(x) = —5(x — 1)> + 2.
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Lesson 20. Graphs of Quadratic Functions

Practice 20.1. For the given quadratic function,

A. determine the coordinates of the x-intercepts, the coordinates of the y-intercept, the equation
of the axis of symmetry and the coordinates of the vertex.

B. sketch the graph of the quadratic function using the information in part A.
1) f(x)=—-(x—22%+4 2 f(x)=x2+2x-3

)Y Iy

Practice 20.2. Consider the parabola in the graph Practice 20.3. Consider the parabola in the graph
below. below.

e
T
™~
T~

/ \

(1) For what values of x is y negative? Express (1) For what values of x is y negative? Express

your answer in interval notation. your answer in interval notation.
(2) Find the domain of the function. (2) Find the domain of the function.
(3) Find the range of the function. (3) Find the range of the function.

(4) Determine the coordinates of the x-intercepts. (4) Determine the coordinates of the x-intercepts.

(5) Determine the coordinates of the y-intercept. (5) Determine the coordinates of the y-intercept.

(6) Determine the coordinates of the vertex. (6) Determine the coordinates of the vertex.

(7) For what values of x is f(x) = —3. (7) For what values of x is f(x) = %

(8) Find the equation of the function. (8) Find the equation of the function.
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Lesson 21. Rational and Radical Functions

[ The Domain of a Rational Function }

A rational function f is defined by an equation f(x) = %, where p(x) and g(x) are polynomials
and the degree of ¢(x) is at least one. Since the denominator cannot be zero, the domain of f

consists all real numbers except the numbers such that g(x) =0
Example 21.1. Find the domain of the function f(x) = -1;.

Solution: Solve the equation x — 1 = 0, we get x = 1. Then the domain is {x | x # 1}. In interval
notation, the domain is

[ The Domain of a Radical Function }

A radical function f is defined by an equation f(x) = 4/r(x), where r(x) is an algebraic expression.
For example f(x) = +/x + 1. When r is odd number, r(x) can be any real number. When # is even,
r(x) has to be nonnegative, that is r(x) > 0 so that f(x) is a real number.

Example 21.2. Find the domain of the function f(x) = +/x + 1.
Solution: Since the index is 2 which is even, the function has real outputs only if the radicand
x + 1 > 0. Solve the inequality, we get x > —1. In interval notation, the domain is
[—1, 00).
i’ractice 21.1. Find the domain of each function.

M) ) =55 @) fx) =55 (B) fx)=~v2x=3 @) f(x)=vx>+1

"(00°00—) (F) T'1Z (00°E] (©) 11z (0 DN (I 1-) N(1—'00—-) () T'TZ (007 N(z'0o—) (1) T'12
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Lesson 22. Exponential Functions

{ Exponential Functions }

Let b be a positive number other than 1 (i.e. » > 0 and b # 1). The exponential function f of x with
the base b is defined as

f(x) =b* or y=>b*
Graphs of exponential functions:

y y

f(x) =b* /f(x) = b*
0<b<l1 b>1

o -

> X > X

r { The Natural Number e }

1 n
The natural number e is the number to which the quantity (1 + —) approaches as n takes on
n

increasingly large values. Approximately, e &~ 2.718281827.

[ Compound Interests }

After ¢ years, the balance A in an account with a principal P and annual interest rate r is given by
the following formulas:

nt
1. For n compounding periods per year: A = P (1 + 1) .
n

2. For compounding continuously: 4 = Pe'’.

Example 22.1. A sum of $10,000 is invested at an annual rate of 8%, Find the balance, to the
nearest hundredth dollar, in the account after 5 years if the interest is compounded

(1) monthly, (2) quarterly, (3) semiannually, (4) continuous.
Solution:

Step 1. Find values of P, r, ¢t and n. In this case, P = 10,000, r = 8% = 0.08, t = 5 and n depends
compounding.

Step 2. Plug the values in the formula and calculate.
(1) “Monthly” means n = 12. Then

512
A = 10000 (1 + 7) ~ 14898.46.

(2) “Quarterly” means n = 4. Then

0.08\°*
A = 10000 I+=) A~ 1485947,

(3) “semiannually” means n = 2. Then

0.08\°2
A = 10000 T+=—)  ~ 1480244,

(4) For continuously compounded interest, we have
A = 10000e°%98> ~ 14918.25.
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Lesson 22. Exponential Functions

Practice 22.1. The value of a car is depreciating according to the formula: V = 25000(3.2)7%:05%,
where x is the age of the car in years. Find the value of the car, to the nearest dollar, when it is five
years old.

¢6981§ 1°¢¢

Practice 22.2. A sum of $20,000 is invested at an annual rate of 5.5%, Find the balance, to the nearest
dollar, in the account after 5 years subject to

(1) monthly compounding,
(2) continuously compounding.

1€€92$ (@) Tee r1€92s (1) T'ee

Practice 22.3. Sketch the graph of the function and find its range.
X
(1) f(x)=3" @ f(x)=(3)

43 | Q1 P P >

Practice 22.4. Use the given function to compare the values of f(—1.05), f(O) and f(2.4) and deter-
mine which value is the largest and which value is the smallest. Explain your answer.

1) ) =(3)" 2 f(x)=(3)"

(4°0) 4 As9YeWS (S0 1—) ./ As98reT (2) ¥'2¢ (S0 1—)4 asoqrews (4°¢) f sdsreT (1) ¥'2C
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Lesson 23. Logarithmic Functions

[ Logarithmic Function }

For x > 0, > 0 and b # 1, there is a unique number y satisfying the equation »” = x. We denote
the unique number y by log, x, read as logarithm to the base b of x. In other words, the defining
relation between exponentiation and logarithm is

y =log, x if and only if »” = x.

The function f(x) = log, x is called the logarithmic function f of x with the base b.
Graphs of logarithmic functions:

y
A

f(x) =logy x
b >

-

SOr<
0<b<

{ Common Logarithms and Natural Logarithms }

A logarithmic function f(x) with base 10 is called the common logarithmic function and denoted
by f(x) =logx.

A logarithmic function f(x) with base the natural number e is called the natural logarithmic
function and denoted by f(x) = Inx.

{ Basic Properties of Logarithms ]

J
When b > 0 and b # 1, and x > 0, we have
1. blo8rx — x.
2. log, (b*) = x.
3. log, b =1andlog, 1 = 0.
Example 23.1. Convert between exponential and logarithmic forms. (1) logx = % (2) 32> 1 =5

Solution: Roughly speaking, when converting, we simply move the base from one side to the other
side, then add or drop the log sign.

(1) Move the base 10 to the right side and drop the log from the left:

x = 102,
(2) Move the 3 to the right and add log the the right:
2x — 1 =log; 5.
Example 23.2. Evaluate the logarithms. (1) log, 2 (2) 10108(3) (3) logs(e?)

Solution: The key is to rewrite the log and the power so that they have the same base.
(1) log,2 = log, 4> = 3.

(2) 10183 = 1008103 = L

(3) logs(e?) =1logs1 =0

Example 23.3. Find the domain of the function f(x) = In(2 — 3x).

Solution: The function has a real output if 2 — 3x > 0. Solving the inequality, we get x < % So the
domain of the function is (—oo, 2).
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Lesson 23. Logarithmic Functions

Practice 23.1. Write each equation into equivalent exponential form.

(1) logz 7=y (2) 3 =log, 64
9 =¢9 (Q) T'E€C L=«€ (I)T'EC

Practice 23.2. Write each equation into equivalent logarithmic form.
(1) 7% =10 () b°> =2

§=1¢9801 (2) €T 01 4801 = X (1) T'€2
Practice 23.3. Evaluate.
(1) log, 16 (2) loge3 (3) log10 4) In1
(5) eln2 (6) log 103 (7) In(e) (8) log,(3)

I— (8) €€ % (2) €°€C % 9 €€e T(Qeger 0 meee 1 (€)¢gee % (@¢€ce v (I)gee

Practice 23.4. Find the domain of the function f(x) = log(x — 5). Write in interval notation.

(00+5) $€2

Practice 23.5. Sketch the graph of each function and find its range.
(1) f(x)=log,x 2) f(x)= log% X

2 hY) Y
> =

)
A A

(98]
(98]
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Lesson 24. Properties of Logarithms

{ Properties of Logarithms }
For M >0, N >0,b >0and b # 1, we have

1. (The product rule) log,(MN) =log, M + log, N

2. (The quotient rule) logb(%) = log, M —1log, N.

3. (The power rule) log,(M?) = plog, M, where p is any real number.

log, M
4. (The change-of-base property) log, M = I)ogga b , where ¢ > 0 and a # 1. In particular,
a
log M In M
log, M = d logz M = ——.
O8b logh ¢ 108 Inb

Example 24.1. Expand and simplify the logarithm log, (8;—35)
Solution:

8.y
log (%) =log3(8/7) ~ o)
= log, 8 + logz(y%) —3log, x
1

Example 24.2. Write the expression 2In(x — 1) — In(x? + 1) as a single logarithm.
Solution:

2 2 2 (x = 1)?
2In(x — 1) —In(x* 4+ 1) = In((x — 1)°) — In(x +1)=ln( 5 )
x*+1

Example 24.3. Evaluate the logarithm log; 4 and round it to the nearest tenth.
Solution: On most scientific calculator, there are only the common logarithmic function and
the natural logarithmic function . To evaluate a logarithm based on a general number, we use
the change-of-base property. In this case, the value of log; 4 is

log 4

log;4 = —— ~ 1.3.
83 log 3
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Lesson 24. Properties of Logarithms

Practice 24.1. Expand the logarithm and simplify.
2
(1) log(100x) (2) In(19) (3) logy( /%) (4) log;(*2)

zL8or— € L8o1 € + x L8017 (7) T'FC x8o1% () Tv2 ¢—01Ul () THF¢ *So+¢T (1) T'¥e

Practice 24.2. Write as a single logarithm.

(1) $logx +logy (2) 3In(x?>+1)—2Inx (3) 3logzx —2logs(1 —x) + 3 logs(x2 + 1).
(%) £801 (¢) T'¥e (ﬁﬁ) uy (2) ¥ dx/y 3o1 (1) T¥2
Practice 24.3. Evaluate the logarithm and round it to the nearest hundredth.
(1) log, 10 ~ (2) logs5 ~
91 (Q) €%2 cee () €ve
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Lesson 25. Exponential and Logarithmic Equations

{ Use Logarithms to Solve Exponential Equations }

Step 1. Rewrite the equation in the form »* = ¢, where u is an algebraic expression.

Step 2. Take logarithm of both sides with respect to the base b (or using the definition to convert).
Step 3. Simplify the resulting equation u = log, ¢ and solve for the variable.

Example 25.1. Solve the equation 102*~! —5 = 0.

Solution: _ o
Step 1. Rewrite the equation in the form b* = ¢: 102*~! =5,

Step 2. Take logarithm of both sides and simplify: 2x — 1 = log 5.
Step 3. Solve the resulting equation: x = %(logs + 1).

{ Use Exponential Form to Solve Logarithmic Equations }

Step 1. Rewrite the equation in the form log, u = ¢, where u is an algebraic expression.
Step 2. Use the definition of logarithm to rewrite the equation in the form u = b°.

Step 3. Solve the resulting equation.

Step 4. Check proposed solutions in the original equation.

Example 25.2. Solve the equation log, x + log,(x — 2) = 3.

Solution: _ o
Step 1. Rewrite the equation in the form log, u = c:

log,(x(x —2)) =3
Step 2. Rewrite the equation in the exponential form (moving the base):

x(x=2) =23
Step 3. Solve the resulting equation x? — 2x — 8 = 0. The solutions are x = —2 and x = 4
Step 4. Check proposed solutions. Both x and x — 2 has to be positive. So x = —2 is not a solution

of the original equation. When x = 4, we have log, 4 +10g,2 =2+ 1 = 3. So x = 4 is a solution.

[ Solve from Compound Interest Model }

Example 25.3. A check of $5000 was deposited in a savings account with an annual interest rate
6% which is compounded monthly. How many years will it take for the money to raise by 20%?

Solution: The question tells us the following information: P = 5000, »r = 0.06, n = 12, and
A =5000- (14 0.2) = 6000. What we want to know is the number of years 7. The compound interest
model tells us that ¢ satisfies the following equation:

6000 = 5000 (1 + F) .

This is an exponential equation and can be solve using logarithms.

12¢
500014+ ———) = 6000
(+5)

1+ — =1.2
(%)

12¢ -log (1 + 0.06 - 12) = 1.2
12t = log(1.2) = 1log(1 + 0.06 = 12)
t =log(1.2) +~1log(1 + 0.06 - 12) =~ 12 ~ 3.
| So it takes about 3 years for the savings to raise by 20%.
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Lesson 25. Exponential and Logarithmic Equations

Practice 25.1. Solve the exponential equation.

(1) 2*" 1 =4 (2) 7e?* —5 =158
eur=x (2) I'se ¢=Xx (I) T'S¢
Practice 25.2. Solve the logarithmic equation.
(1) logs x +logs(4x —1) =1 2) Invx+1=1
(3) log,(x +2) —log,(x —5) =3 (4) logsz(x —5) =2 —logs(x + 3)
9=Xx (V) C’S¢ 9=Xx (€ 2'se [—¢2=X (2S¢ %ZX (1) 2S¢

Practice 25.3. Using the formula 4 = P(1 + %)”’ to determine how many years, to the nearest
hundredth, it will take to double an investment $20,000 at the interest rate 5% compounded monthly.

STedA ¥ €62
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